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Of all the celestial bodies whose motions have formed 
the subject of the investigations of astronomers, the Moon 
has always been regarded as that which presents the 
greatest difficulties, on account of the number of inequali- 
ties to which it is subject; but the frequent and important 
applications of the results render the Lunar Problem one 
of the highest interest, and we find that it has occupied 
the attention of the most celebrated astronomers from the 
earliest times. 

Newton's discovery of Universal Gravitation, suggested, 
it is supposed, by a rough consideration of the motions of 
the moon, led him naturally to examine its application to 
a more severe osplanation of her disturbances; and his 
Eleventh Section is the first attempt at a theoretical 
investigation of the Lunar inequalities. The results he 
obtained were found to agree very nearly with those de- 
termined by observation, and afforded a remarkable con- 
firmation of the truth of his great principle; but the 
geometrical methods which he had adopted seem inade- 
quate to so complicated a theory, and recourse has been 
had to analysis for a complete determination of the dis- 
turbances, and for a knowledge of the true orbit. 
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The following pages will, it is hoped, form a proper 
introduction to more recondite works on the subject: the 
difficulties which a person entering upon this study is most 
likely to stumble at, have been dwelt upon at considerable 
length, and though different methods of investigation have 
been employed by different astronomers, the difficulties met 
with are nearly the same, and the principle of successive 
approximation is common to all. In the present work, 
the approximation is carried to the second order of small 
quantities, and this, though far from giving accurate values, 
is amply sufficient for the elucidation of the method. 

The differences in the analytical solutions arise from 
the various ways in which the position of the moon may 
be indicated by altering the system of coordinates to which 
it is referred, or again, in the same system, by choosing 
different quantities for independent variables. 

D'Alembert and Clairaut chose for coordinates the pro- 
jection of the radius vector on the plane of the ecliptic and 
the longitude of this projection. To form the differential 
equations, the true longitude was taken for independent 
variable. 

To determine the latitude, they, by analogy to Newton's 
method, employed the differential variations of the motion 
of the node and of the inclination of the orbit. 

Laplace, Damoiseau, Plana, and also Herschel and Airy 
in their more elementary works, have found it more con- 
venient to express the variations of the latitude directly, 
by an equation of the same form as that of the radius 
vector. 
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Lubbock and Font^coulant, taking the same coordinates 
of the moon's position, make the time the independent 
variable ; and when it is desired to carry the approximation 
to a high order, this method oflFers the advantage of not 
requiring any reversion of series. 

Poisson proposed the method used in the planetary 
theory, that is, to determine the variation in the elements 
of the moon's orbit, and thence to conclude the corre- 
sponding variations of the radius vector, the longitude, 
and the latitude. 

The selection of the method followed in the present 
work, which is the same as that of Airy, Herschel, &c., 
was made on account of its simplicity: moreover, it is the 
method which has obtained in this university, and it is 
hoped that it may prove of service to the student in his 
reading for the examination for Honours. In furtherance 
of this object, one of the chapters (the sixth) contains the 
physical interpretation of the various important terms in 
the radius vector, latitude, and longitude.* 

The seventh chapter, or Appendix, contains some of the 
most interesting results in the terms of the higher orders, 
among which will be found the values of c and g com- 
pletely obtained to the third order. 

The last chapter is a brief historical sketch of the Lunar 
Problem up to the time of Newton, containing an account 
of the discoveries of the several inequalities and of the 
methods by which they were represented, those only being 

• See the Report of the ** Board of Mathematical Studies" for 1850. 
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mentioned which, as the theorj has since verified, were 
real onward steps. The perusal of this chapter will shew 
to what extent we are indebted to our great philosopher; 
at the same time we cannot fail being impressed with 
reverence for the genius and perseverance of the men who 
preceded him, and whose elaborate and multiplied hypo- 
theses were in some measure necessary to the discovery 
of his simple and single law. 

I take this opportunity of acknowledging my obligations 
to several fiiends, whose valuable suggestions have added 
to the utility of the work. 



HUGH GODFRAY. 



St, John's CoUeffe, Cambridge, 
April, 1853. 



In the present edition, besides the change of form and 
the incorporation of the figures with the text, which it is 
hoped will render the work more commodious, very few 
alteration^ have been thought necessary; and, except in 
one oc two instances, where additional paragraphs have 
been introduced, nothing but the wording of some of the 
sentences has been altered. 

October, 1859. 
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INTBODUCTION. 



Before proceeding to the consideration of the moon's 
motion, it will be desirable to say a few words on the law 
of attractions, and on the peculiar circumstances which enable 
us to simplify the present investigation. 

1. The law of universal gravitation, as laid down by 
Newton, is that " Eoery particle in the universe oMracts every 
other particle^ with a force varying directly as the mass of the 
attrcLCting particle and inversely as the square of the distance 
between th&m^'^ 

The truth of this law cannot be established by abstract 
reasoning ; but as it is found that the motions of the heavenly 
bodies, calculated on the assumption of its truth, agree more 
and more closely with the observed motions as our calcu- 
lations are more strictly performed, we have every reason 
to consider the law as an established truth, and to attribute 
any slight discrepancy between the results of calculation and 
observation to instrumental errors, to an incomplete analysis, 
or to our ignorance of the existence of some of the dis- 
turbing causes. 

Of the last cause of deviation there is a remarkable in- 
stance in the recent discovery of the planet Neptune, for our 
2J B 
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acquaintance with which, as one of the bodies of our system,* 
we are indebted to the perturbations it produced in the cal- 
culated places of the planet Uranus. These perturbations 
were too great to be attributed wholly to errors of instru- 
ments or of calculation; and therefore, either the law of 
universal gravitation was here at fault, or some unknown 
body was disturbing the path of the planet. This last 
supposition, in the powerful hands of Messrs. Adams and 
Le terrier, led to the detection of Neptune by solving 
the difficult inverse problem, viz: — Given the perturbations 
caused by a body, determine, on the assumption of the truth 
of Newton's law, the orbit and position of the disturbing 
body. 

Evidence so strong as this forces us to admit the correct- 
ness of the assumption, and we shall now consider how this 
law, combined with the laws of motion, will enable us to 
investigate the circumstances of the moon's motion, and to 
assign her position at any time when observation has fur- 
nished the requisite data. 

2. The problem In its present form would be one of 
extreme, if not Insurmountable difficulty, if we had to take 
into account simultaneously the actions of the earth, sun, 
planets, &c. on the moon ; but fortunately the earth's attrac- 
tion, on account of its proximity, is much greater than the 
disturbing^' force of the sun or of any planet; — these dis- 
turbing forces being so small compared with the absolute 
force of the earth, that the squares and products of the 
effects they produce may be neglected, except in extreme 

* It had been seen by Dr. Lamont at Munich, one year before its 
being known to be a planet. " Solar System, by J. B. Hind." • 

t Since the sun attracts both the earth and moon, it is clear that its 
effects on the moon's motion relatively to the earth or the disturbing ^rce 
will not be the same as the absolute force on either body. This will be 
fully investigated in Arts. (9) and (23). 
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cases : and there Is a principle, called the ^^ principle of the 
superposition of small motions/' which shows that In such 
a case the disturbing forces may be considered separately, 
and the algebraic sum of the disturbances so obtained will 
be the same as the disturbance due to the simultaneous 
action of all the forces. 



Principle of Superposition of Small Moticms, 

3. Let a particle be moving under the action of any 

number of forces some of which ^^ ^^. .^^ -^_^ 

are very small, and let A be the ^'^'^ '^'^^^^^===:^' 

position of the particle at any 

instant. Let two of these small forces m^, m^ be omitted, 
and suppose the path of the particle under the action of the 
remaining forces to be AP in any given time. 

Let AP^ be the path which would have been described 
in the same time if m^ also had acted ; AP^ differing very 
slightly from AP^ and PP^ being the disturbance. 

Similarly, if m^ instead of m^ had acted, suppose AP^ to 
have represented the disturbed path (-4P, -4P,, AP^ are not 
necessarily in the same plane, nor even plane curves), PP^ 
being the disturbance. 

Lastly, let AQhQ the actual path of the body when both 
m^ and m^ act. Join P, Q. 

Now, since the path AP^ very nearly coincides with AP^ 
the disturbances P^Q and PP^^ produced in them by the 
action of the same small force m,, will be very nearly parallel ; 
and will differ in magnitude by a quantity which can be 
only a small fraction of either disturbance and which may 
be neglected compared with the original path AP. There- 
fiDre P^Q is parallel and equal to PP^. 

Hence the projection of the whole disturbance PQ on any 
straight line, being equal to the algebraical sum of the pro- 

B2 
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jections of PP^ and P^ Q, will be equal to the algebraical sum 
of the projections of the separate disturbances PP^^ PP^. 

Now if there are three small disturbing forceps m^^ m^, Wg, 
we may consider the joint action of the two w^, Wg, as one 
small disturbing force ; therefore, by what precedes, the total 
disturbance along any axis will be the sum of the separate 
disturbances of m^ and of the system w^, m^ ; but this last is 
the sum of the separate disturbances of m^ and m^ : therefore 
the whole disturbance equals the sum of the three separate 
disturbances. 

This reasoning can evidently be extended to any number 
of forces ; and if a?, y, z be the coordinates of the disturbed 
particle, ^ (a;, y, z) any function of a;, y, « ; the disturbance 
produced in ^ (a?, y, z) will be 

H (a?, y? «) = ^ ^^ + ^ % + ^ ^^) omittmg {hx)\ &c., 

where hx=hx^-\-hx^...= sum of disturbances along axis of a? 

due to separate forces, 

Sy=Sy^+8y3+...= along axis of y, 

8^j=;S2jj+Sa^+...= along axis of a; 

dy 

or total disturbance equals sum of separate disturbances, 
which establiishes the principle. 

4. Since <^ (a?, y, «) may be the radius vector, or the lati- 
tude or longitude of the disturbed body, it follows that the 
total disturbance in any of these elements is the sum of the 
partial disturbances. 



therefore S^ {x, y, z) =^ ^^i + ^ ^^^^i ^^' 
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Therefore in determining the motion of a Becondary relii- 
tive to its primary, as in the present case of the moon about 
the earth, where the disturbing effects produced by the bud 
and planets are small, we may consider them one at a time, 
and hence the famous problem of the Three Bodies. 

The planets being small and distant, their effect on the 
motion of the moon will not be of sufBcient intensity to affect 
the order of approximation to which it ia intended to carry 
the solution in the following pages, and our problem is re- 
duced to the consideratioa of the three bodies, the sun, earth, 
and moon, acting on one another according to the law of 
universal gravitation. 

6. But we must still prove another proposition, without 
which the problem would scarcely, though reduced to three 
bodies, be less complicated than in its most general form. 

Newton's law refers to particles, whereas tiie sun, earth, 
and moon are large spherical bodies, and It becomes neces- 
sary to examine the mutual action of such bodies. Now, it 
happens that with this law of force, the attraction of one 
sphere on another can he correctiy obtained, and leaves the 
question in exactly the same state as if they were particles. 
(I^ncip. lib. I. prop. 75.) 

Attractions of Spherical Bodies. 

6. Let P be a particle situated at a distance OP = a from 
the centre of a uniform, attract- 
ing sphere whose density is p and 
radius OA=c. a>c, the particle 
being without the sphere. x 

Let the whole sphere be divi- 
ded into circular laminee by planes 
perpendicular to OP. Let 8Q be 
one of these. PS = x, PQ = «, and thickness of lamina = &c. 
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Next, let this lamina be divided into concentric rings. 
Let B8=r be the radius of one of these rings and 8r its 
breadth, Z5P0 = ^; 

therefore r = a? tan 0^ 

The attraction of an element B of this ring on the particle 

-^ .„ > mass of element , ^^ •, , 

F will be p^g along FEj and the resolved part 

i»xi-- 1 n^ Mir mass of element ^ 

of this long FO will be -^i j^ cos^. 

uj sec u 

But the resnltant attraction of the whole ring will clearly 

be the sum of the resolved parts along PO of the attractions 

of its constituent elements ; therefore, 

attraction of ring = ^ ' in cos6 = 2wp emOSx.SO] 



•0OB-* 



a? sec*^ 
therefore, attraction of whole lamina 8Q=27rpSx | sm0.dd 

^2,rpSx(l^^y 

Again, «* = aj'* + c*- (a — a:)" = 2aa;- (a* — c*); 

therefore zSz = aSx. 

« 

and attraction of lamina = 2irp I --^ hz \ : 

( z^ z^ (n* r^\ z^ 

.'. attraction of whole sphere = 27rp \- -r-s — - — ^ o [• 

(from z = a-c to z = a + c) 



__ 47rpc 



.8 



where Jlf= mass of sphere =^\ 

3 
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Hence) the attraction of the whole sphere is precisely the 
same as if the whole mass were condensed into its centre. 

Cor, 1. The attraction of a shell radius = c and thickness 
Sc will be obtained from the preceding expression by diffe- 
rentiating it with respect to c, and is 

^^ ^. n V 11 4:7rpc*. Sc mass of shell 

attraction of shell = — ^ — = s . 

a a 

Cor. 2. Therefore, the attraction of a heterogeneous sphere 
on an external particle will be the same as if the whole mass 
were condensed into its centre^ provided the density be the same 
at all points equally distant from the centre^ for then the 
whole sphere may be considered as the aggregate of an 
infinite number of uniform shells, and by Cor. 1, each acts 
as if condensed into its centre. 

7. Let us now consider the case of one sphere attract- 
ing another. Suppose P in the preceding article to be an 
elementary particle of a sphere M\ whose centre 0' suppose 
at a distance a from 0. Then, since action and reaction 
are equal and opposite, P will attract the whole sphere M 
just as it would do a particle of mass M placed at ; the 
same is true of all the elementary particles which compose 
the sphere Jf ', therefore the sphere M' will attract the sphere 
M as if the whole mass of the latter were condensed into Its 
centre : but the attraction of the sphere M' on a particle 
is the same as if the attracting sphere were condensed into 
its centre C ; therefore. 

Two spheres attract one another as if the whole matter of 
each sphere were collected at its centre. 

8. This remarkable result, which, as may be shewn, holds 
only when the law of attraction is that of the inverse square 
of the distance, or that of the direct distance, or a com- 
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bination of these by addition or subtraction, reduces the 
problem of the sun, earth, and moon to that of three par- 
ticles; — ^the slight error due to the bodies not being perfect 
spheres wiU here be neglected, being of an order higher 
than that to which we intend to carry the present investi- 
gation: the error however, though very small, is appre- 
ciable, and if a nearer approximation were required, it would 
be necessary to have regard to this circumstance. (See 
Appendix, Art. 100.) 



( 9 ) 



CHAPTER IL 

MOTION RELATIVE TO THE EARTH. 

9. When a number of particles are in motion under their 
mutual attractions or other forces, and the motion relatively 
to one of them is required, we must bring that one to rest, 
and then keep it at rest without altering the relative motions 
of the others with respect to it. 

Now, firstly, the chosen particle will be brought to rest 
by giving it at any instant a velocity equal and opposite to 
that which it has at that instant; secondly, it will be kept 
at rest by applying to it accelerating forces equal and op- 
posite to those which act upon it. 

Therefore give the same velocity and apply the same 
accelerating forces to all the bodies of the system, and the 
absolute motions about the chosen body, which is now at rest, 
will be the same as their relative motions previously. 



Problem of Two Bodies. 

10. As the sun disturbs the moon^s motion with respect 
to the earth, it is important to know what that motion would 
have been if no disturbance had existed, or generally : — 

Tvx) bodies attracting one another with forces varying 
directly as the mass and inversely as the square of the dis- 
tance^ to determine the orbit of one relatively to the other. 
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Let if, M* be the masses of the bodies, r the distance 
between them at any time f, M being the body whose 

motion relatively to M is required. 

M 

The accelerating force of M on M equals -^ acting towards 

if 
Mj while that of M* on M equals — j- in the opposite direction. 

Therefore, by the principle above stated, we must apply to 

both M and M' accelerating forces equal and opposite to this 

latter force, and M will move about infixed, the accelerating 

if + if' 1 

force on M* being ^ — = /iw*, if /A = if4- M' and /• = - . 






XT » «* 

Mence, -5^ + w = 



where A = r* -7- = twice the area described in a unit of time, 

at 



t^ = |^{l + 6 cos(5-a)}. 



e and a being constants to be determined by the circumstances 
of the motion at any given time. ^ 

This is the equation to a conic section referred to its 

IS 

focus, the eccentricity being 6, the semi-latus rectum — , and 

the angle made by the apse line with the prime radius a. 

In the relative motion of the moon, or in that of the sun 
about the earth, the orbit would, as observation informs us, 
be an ellipse with small eccentricity, that of the moon being 
about yV c>^<^ ^^t of the sun ^. 

H. The angle 6 — a between the radius vector and the 
apse line is called the true anomaly. 

If n is the angular velocity of a radius vector which 
moving uniformly would accomplish its revolution in the same 
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time as the true one, both passing through the apse at the 
same instant, then nt-\-Q — a is called the mean anomaly^ e 
being a constant depending on the instant when the body 
is at the apse, its value being also equal to the angle be- 
tween the prime radius and the imiformly revolving one 
when ^=0. 

Thus, if MT be the fixed line or prime radius, 
A the apse, 
M' the moving body 
at time'^, 

Mfi the uniformly re- 
volving radius at same time, the 
direction of motion being repre- 
sented by the arrow. 

Let MD be the position of Mfj, 
when « = 0, 

then TMD = & and is called the epoch,* 

TMA = a = longitude of the apse j 

therefore, mean anomaly = AMfM = ti^ + s — a, 

true anomaly =: AMM' = TMiT - TMA = ^ - a. 

12. To eocpress the mean anomaly in terms of th^ true in 
a series ascending according to the powers ofe^ as far as e^ 

27r 2 area 

n= 7—J-. — -; =277-7 7 — 

periodic time n 

2'jrh h 




27ra& aV(l-^') 



,8\ J 



♦ The introduction of the epoch is avoided in the Lunar theory by 
a particular assumption (Art. 34) ; but in the Planetary it forms one of 
the elements of the orbit. 
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therefore h = na* (1 - e")*, 

dd h h •{l + ccos(^-a)}'' 

= i(l-ef{l + ecos{^-a)r 

= i(l- fe") {1 -2c cos(d-o) + 3^ C08'(^- o)} 

= - {1 -2e co8(^-a) + |e* co82 (^-a)} ; 

therefore w« + e = — 2e sin (^ — a) + f c* 8in2 (^ — a), 
or (w^ + e-a) = (^-a)-26 8m(^-a) + f€' 8in2(5-a), 
the required relation. 

13. To express the true anomaly in terms of the mean to 
the same order of approodmation, 

fl-a = w« + e-a + 2e 8in(^T-a) -fc' 8in2(^-a)....(l); 

.'. 5 — a = n^ + s - a first approximation. 

Substituting this in the first small terms of (1), we get 

^— a = w< + e — a4 2e sin(n<+s— a)...a second approximation. 

Substitute the second approximation in that small term 
of (1) which is multiplied by e, and the first approximation 
in that multiplied by 6*; the result will be correct to that 
term, and gives 

— a = nt+e — a-\-2e sin{n< + 8 — a + 26 8in(n^ + e — a)} 

— fe'' sin2 (w^+e — a) 
=tnt+& — a + 2e sin(n^ + e— a) 

+ 4e* cos(n^ + e — a) sin(w^ + e — a) — f e* sin2 (w^+ s— a) 
= w^ + e — a4-2e sin(n< + e — a) + f€' sin2 (n^+e — a), 
the required relation. 
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The development could be carried on by the same process 
to any power of e, the coefficient of e' would be found 

Jl sin3 (w^ + e — a) — 4 sin(w^ + e — a)), 

but in what follows we shall not require anything beyond ^. 

Prohlem of Three Bodies. 

14. In order to fix the position of the moon with respect 
to the centre of the earth, which, by means of the process 
described in Art. (9), is reduced to and kept at rest, we must 
have some determinate invariable plane passing through the 
earth's centre to which the motion may be referred. 

The plane which passes through the earth's centre and 
the direction of the sun's motion at any instant is called the 
true ecliptic; and, as a first rough result of calculation, ob- 
tained on supposition of the sun and earth being the only 
bodies in the universe, this plane, in which, according to the 
last section, an elliptic orbit would be described, is a fixed 
plane: but this is no longer the case when we take into 
account the disturbances produced by the moon and planets, 
and it becomes necessary to substitute some other plane of 
reference unaffected by these disturbances. 

Theory teaches us that such a plane exists,^ but as its 

* See Poinaotf " Theorie et ditermination]de rSquateur du systime solaire,*' 
-where he proves that an invariable plane exists for the solar system, that 
is, a plane whose position relatively to the fixed stars will always be the 
same whatever changes the orbits of the planets may experience ; but as 
its position depends on the moments of inertia of the sun, planets, and 
satellites, and therefore on their internal conformation, it cannot be deter- 
mined d priori, and ages must elapse before observation can furnish suffi- 
cient data for doing so d posteriori. 

This result Poinsot obtains on the supposition that the solar system is 
a free system ; but it is possible, as he furthermore remarks, nay probable, 
that the stars exert some action upon it, it follows that this invariable plane 
may itself be variable, though the change must, according to our ideas of 
time and space, be^indefinitely slow and smaU. 



J 
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determination can only be the work of time, the following 
theorem will supply us with a plane whose motion is ex- 
tremely slow, and it may for a long period and to a degree 
of approximation far beyond that to which we shall carry 
our investigations, be considered as fixed and coinciding with 
its position at present. 

15. The centre of gravity cf tJie earth and moon describes 
relatively to the sun an orbit very nearly in one plane and 
elliptic ; the square of the ratio of the distances of the moon 
and sun from the earth being neglected.* 



8- 




Let /8, E^ M be the centres of the sun, earth, and moon, 
O the centre of gravity of the last two. Now the motion 
of G is the same as if the whole mass E+M were collected 
there and acted on by forces equal and parallel to the moving 
forces which act on E and M. The whole force on 0^ is 
therefore in thir plane 8EM) join 80. 

Let L 8QM= a>, and let m' be the sim's absolute force. 
Moving force on ^=-^^ in E8^ 

moving force on Jf = ^' in M8^ 



* This ratio is about 7^ and, as we shall see Art. (21), such a quantity 
we shall consider as of the 2nd order of small quantities, and its square 
therefore of the 4th order. Our inyestigations are carried to the 2nd 
order only. 
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These* applied to O parallel to themselves are equi- 
valent to 

m'.E.GE m'.M.GM. ,. . ^,- 
— SB^ SM"" ^ du-ection GMj 



I 



, m'.E.SG m'.M.SG ^„ ■ 

^^ —8W- + 8M' ^^-' 

But 8E' = 8CP + GE' + 2. 8G. GE cos©, 

8M* = SG^ + GM*- 2 . 8G. GM cos a. 



^A«^/ 



99 



^i 1 I 3.GE >! 

Hence -^^ =. -^- -^^ coso, 

1 . 1 S.GM 



omitting [ -g^ j . 



8M' 8G^^ 8G' 



Now E.GE^M.GM^[M^E)^^^^^. Therefore the 

accelerating force in the direction GM 
Sm'.GM.GE 

ggl COSO) 

= — 3 (accelerating force of sun on G) -^^ . -^^ coso 

= according to the standard of approximation adopted. 

Hence the only force on G is sl central force tending 
to 8^ and therefore the motion of G will be in one 
plane. 



* In strictness it would be neceesary, since we have brought 5 to 
rest, to apply to both M and E, and therefore to G, accelerating forces 
equal and opposite to those which E and M themselyes exert on S; 
but the mass of 8 is so large compared with those of E and Jf, that 
we may safely neglect these forces in this approximate determination 
of the path of O, the error being of a still higher order than that introduced 

by the neglect o^ ( o^ ) • 



? 
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Again, the accelerating force in Q8 

_ m'SG { E+M SjE.GE^M.GM) ) 
'M+E\8G^ 8G' "^n 

= -^^ to the same approximation. 

Therefore the orbit of G about 8 is very approximately 
an ellipse with 8 in the focus, and the plane of this ellipse 
is, as far as our investigations are concerned, a fixed plane 
when 8 is fixed. 

This fixed plane is called the plane of the edipticy or 
simply the ecliptic. 

16. A plane through the earth's centre parallel to the 
ecliptic will be the plane of reference we require (14) and 
will become a fixed plane when we bring the earth's centre 
to rest, the ecliptic then making small monthly oscillations 
from one side to the other of our fixed plane. 

7 17. The sun will have a latitude always of the same 

name as that of the moon, and deducible from it, when 



E8y EMy and the ratio of the masses of the earth and 
moon are known. For if 8' EM' be this fixed plane through 
Ey and 8\ G\ Jf ', the projections of 8, G, My 

then, silt (sun's lat.) 

. <y^ry, 88' GG' EG. Bill (moou's lat.) 

M EM . , , . . 

^E:irM''E8^'^^'^''''''^^^^'^ 
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Now, from observation it is known that M is about ^ of J?, 

9sAEM ^\-^oiEB\ 

xT- i? • / » 1 x\ sin (moon's lat.) , 

therefore smfsun s lat.) = — ^ ^^,^^ nearly. 

^ ' 32400 •' 

And as the moon's latitude never exceeds 5° 9', the sun's 
latitude will always be less than 1". 

Again, with respect to the sun's longitude: let Ef be 
the direction of the first point of Aries, — ^that is, a fixed 
line in our plane of reference from which the longitudes of 
the bodies are reckoned. TE& = & the sun's longitude. 

The difference in the sun's longitude, as seen from E 
or from a^ will be the angle ES'G\ 

siaES' O' = -r=^ sin© = ^nA(\(\ approximately, if EG' 8' = « ; 

therefore sinES'G' never exceeds ^^Jx^xf, 

therefore E8*G* is a small angle not exceeding 1". 

Also E8' -8'G'< EG' < ^^^ i^^ 8' G'. 

Now, by assmning the longitude and distance of the 
sun as seen from J? to be the same as when seen from 
Gy we conmiit the pibove small errors in the position of 
8] that is, we assume the sun to be at 8" instead of 8^ 
8' 8" being drawn equal and parallel to G'E. If our object 
were the determination of the sun's position, it would be 
necessary to take this into account; but the consequent 
small errors introduced in the disturbance of the moon will 
clearly, on account of the great distance of the sun, be of 
a far higher order, and may therefore be neglected. 

18. Hence we may assume that the motion of the sun 
about the earth at rest is an ellipse having the earth for 
its focus, and its equation 

t^' = a'{l4-e'cos(^-(0}j 

. c 
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and we are safe that no appreciable error will ensue in the 
determination of the moon's place.* 



* That is, as far as the three bodies alone are concerned ; — but, since 
the attractions of the planets may, and in fact do, disturb the elliptic 
orbit of the sun about G, the same cause will disturb the assumed orbit 
about E, A remarkable result of this disturbance is noticed in Appendix, 
Art. (99). 



( 19 ) 




CHAPTER m. 

BICK)BOUS DIFFEBEKTIAL EQUATIONS OF THE HOON'S MOTION 
AND APPBOXIHATE EXPBESSIONS OF THE FOBCES. 

19. The earth havmg been reduced to rest by the process 
described in Art. (9), its centre may 
be taken as origin of coordinates, the 
fixed plane of reference as plane of xy 
and the line ET as axis of x. ^ 

Let r, 6 be the coordinates of the projection M of the 
moon on the plane (vy, a the tangent of the moon's latitude 
MEM\ Also let the accelerating forces which act on the 
moon be resolved into these three: 

P parallel to the projected radius M'E and towards the earth, 
T parallel to the plane xy^ perpendicular to P and in the 

direction of increasing^ 
8 perpendicular to the fixed plane and towards it. 

de^ r /^ r' 

whence x -^ —y -^ = iV, 

d^'x d^'y _ ^ 

d\ o 
also -^ d?'^-^- 

C2 
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And intrododng polar cooidinates, these eqoatioiis become 

>'#) -'S:-^£) ^-« w- 

/^ 20. These three equations for determining the moon's 

I motion take the time t for independent variable, but it will 

be more convenient in the following process to consider the 

longitude as such, and our next step will be to change the 

independent variable from tixi 0. 

From (i) we get 



• dO d / , dd\ __y7T ■ d^ 

^ di dt\ dij'^'^di' 

therefore (r" ^V = A" + 2 JTf^dO, 

= JSP suppose, whence S -j^ = Tr\ 

du 

Therefore T- = -y = ^«, um=-, 

at r ^ r' 

dt 1 1 , . 

. • dr dr dd tt^'^ 

Substitute in (ii), 

therefore £"«» ^ (^ ^) + ^«' = -?» 
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ff^(g+.)+.-*^f-P (A„ 

and writing for JB* and for H ^ their values A' + 2 /ni dO 

T 
and -s the equation becomes 

P T du 



W^""^ . ^r^ ,. ^'^^• 



<Pw AV AV cZg 

This is called the differential equation of the moorCs radius 
vector. 
Lastly, 

da du 



du^ 
^dd. 



^ ^[uj rf rrfg ^dd d0\._d^(„f d8_ 

"^"ir^dtl 7 • dt) '^ dt\ V de 

■m u/ d^s d%\ rr dH ^ ( ds du\ 

from (A), P8 = H}%?\a -^ + U8\+E-^ "** ^» 

therefore Pa- 8= H^u" (^ ■*"*) + -^ "55 "* jS » 

Ps-S T da 

^, , <?"» AV AV dd 

therefore Ta,+»= .y (7)- 

This is the differential equation of the moorCs latitude. 

If the three equations (a), (/8), (7) could be integrated 
under these general forms, then, since they are perfectly 
rigorous, the problem of the moon's motion would be com- 
pletely solved; for as only four variables w, ^, s, and t are 
involved (the accelerating forces P, T, and 8 are fanctions 
of these), the values of three of them, as u^ d, «, could be 
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obtained In terms of the fourth t] that is, the radius vector, 
longitude, and latitude would be known corresponding to 
a given time. 

21. But the integration has never yet been effected, 
except for particular values of P, T, and 8] and the method 
which we are in consequence forced to adopt, is that of 
successive approximation, by which the values of u. 0. and s 
are obtained in a series, the terms proceeding according to 
ascending powers of small fractions, some one being chosen 
as a standard with which all others are compared, and the 
order of the approximation is esteemed by the highest power 
of the small fractions retained. 

It is usual to consider ^ as a small fraction of the first order, 

consequently^ of ^ = 7ixF is second 

^^T^is-^ • third 

and so on, other fractions being considered as of the 1st, 
2nd, &c. orders, according as they more nearly coincide with 

22. It is necessary therefore, before we can approximate 
at all, that we should have a previous knowledge (a rough 
one is sufficient) of the values of some of the quantities 
Involved in our Investigations; and for this knowledge we 
must have recourse to observation. 

We shall therefore assume as data the following results 
of observation: 

(1) The moon moves in longitude about thirteen times 
as fast as the sun. The ratio of the mean motions in longi- 
tude represented by m Is therefore about ^, and may be 
considered as of the 1st order.* 



* This approximate value of m is easily obtained ; — the moon is foiuxd 
to perform the tour of the heavens, returning to the same position amon^ 
the fixed stars, in about 27} days ; the sim takes 366} days to accomplish 
the same journey. 
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(2) The sun's distance from the earth is about 400 times 
as great as the moon's distance. 

Hence the ratio of the mean distances = ^^^ is of the 
second order.* 

(3) The eccentricity e' of the elliptic orbit which the 
sun approximately describes about the earth is about ^, \ 
and this, approaching nearer in value to ^ than to f^-^^ ' 
wiU be considered as of the 1st order. 

(4) During one revolution, the moon moves pretty ac^ 
curately in a plane inclined to the plane of the ecliptic at 
an angle whose tangent is about ^, and therefore of the 
1st order.f 

(5) Its orbit in this plane is very nearly an ellipse having 
the centre of the earth in its focus, and whose eccentricity is 
about equal to om* standard of small fractions of the 1st order, 
viz. ^ ; and this will also be very nearly true of the projec- 
tion of the orbit on the plane of the edipticj: 



* The distances of the luminaries may be calculated from their hori- 
zontal paxaUaxeSy found by obseryations made at remote geographical 
stations. 

t That the moon's orbit during one revolution is very nearly a plane 
inclined as we have stated, will be found by noting her position day alter 
day among the fixed stars ; and the sun's path having previously been 
ascertained in a similar way, the rules of Spherical Trigonometry will 
easily enable us to verify both statements. 

X The elliptic nature and value of the eccentricity of the moon's orbit 
may be foimd by daily observation of her parallax, whence her distance 
from the earth's centre may be determined : corresponding observations of 
her place in the heavens being taken, and corrected for parallax to reduce 
them to the earth's centre, will determine her angular motion. Lines 
proportional to the distances being then drawn from a point in the proper 
directions, the extremities mark out the form of the moon's orbit. 

A similar method applied to observations of the diameter of the sun 
will determine the eccentricity of its orbit. 
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To calculate the values ofP, T, 8, 

23. We are now in possession of the data requisite for 
beginning our approximations, and we shall proceed to the 
determination of the values of Pj Ty and 8 in terms of the 
coordinates of the positions of the sun and moon. 

Let 8y Uj M be the centres of the sun, earth, and moon, 



m\ Ej M their masses, 

E\ M\ the projections on the plane of the ecliptic, 

G the centre of gravity of E and itf", 

fi=^E+Mj 

MQM' = tan"*5 = moon's latitude, 

E'T the direction of the first point of Aries, 

flf(? = r' = i; Z T^'>S= (9' = longitude of sun, 

J|f'^' = r = i; ZT^'Jf = ^ = longitudeofmoon, 

/. 8E'M = 5 — 5' = difference of longitude of sun and moon. 

The forces we have to take into account are, according 
to Art. (9), the forces which act directly on Jf, and forces 
equal and opposite to those which act on E\ — ^these last 
being applied to the whole system so that E may be a 
fixed point 

Attraction of 8 upon Jlf = -^=^ in M8^ equivalent to 



I 



^ -g^ in-afff, 

fii -^rjp parallel to Q8\ 



\ 



I 
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attraction of ^upon Jf=-p^ in J£2?; 

attraction of S upon JS = -^^ in E8^ equivalent to 

^ -^^ iniSfC/, 

m' -^^ parallel to 08] 

M 
attraction of Jif upon -B=-=^= in^ilf. 

Therefore^ the whole attraction upon My when E is 
brought to rest) is 

E+M , /Ma . EG\. ,,^ 
'ME^'^'^mP'^SE')'^^' 

and mV (^^ - ^g^j parallel to GS. 

These expressions of the accelerating forces on if are 
rigorous, and can be expressed in terms of the masses and 
coordinates o^ the bodies ; but since our investigations will 
be carried only to the second order, it will be sufficient if, 
in the preceding, we neglect small quantities of the fourth 
and higher orders. 

Now, i8af* = /8af'" + JIOf" 

^80^ + GM'^ - 28G. GM' cos 80^ + MM'^ ? 

= /Ml-2 — y- cos/SG^Jf + — ^1; 

therefore ^g^ = ^T? |1+— 7- cos(^- ^)| ; 

for e-^ff or 8EM' differs from 8GM by less than 7", 

Art. (17), and ( — 7- ) is neglected, bemg of the fourth order, 
Art. (22). 
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Similarly, ^ = 1 |l -i-j- coa{0-ff)^ ; 

therefore, the accelerating forces on the moon are ap- 
proximately 

-^ + ^' {Ma+ GE) m direction MEy 

and ^ (<?Jr+ GJE') coB{0-ff) paraUel to G8j 

T 

whence P= (-^ + ^' ME?) cosiffi^Jf - ^' ME CM^d-ff) 



» r 2r 

r»(l+«»)* 



to'm" 



= /*««(l-fi^— If^ {i + f C082(<?-^)}, 

T= « ?^ Jif ^' co8(^ « ^') Bin (^ - ^) 



r 



m'w'' 



=-|:2i::l Bin2(tf-tf') 



u 









wV'5 



i« 



mu 8 



24. The differential equations in Art. (20), when these 

values of the forces are substituted in them, would contain 

a new variable ff^ but we shall find means to establish a 

connexion between t^ 0j and ffj which will enable us to eli- 

^ minate it. 

They will, however, be still incapable of solution except 
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by successive approximation; but before proceeding to this, 
it will be important to consider the order of the disturbing 
effect of the sun's action, compared with the direct action 
of the earth. Now, if we examine the values of P, T^ and 
8^ it will be found that the most important of the terms 
containing m', which are clearly the disturbing forces since 

they depend upon the sun, are involyed in the form 



mr 



r 



,'8 ) 



while those independent of the sun's action enter in the 

form ^. 
r 



TlflT 



We must therefore find the order of — jj- compared with ^ , 

orof -^ 5. 

T T 

Now the orbits being nearly circular, and m the ratio 
of the mean motions, Art. (22), we have 

mean motion of sun periodic time of moon 
'"= mean motion of moon = periodic time of gun 

_ 27rr* 2mr 

therefore -75 : ^::7»*: 1, 

or the disturbing force of the sun is of the second order 
when compared with the direct action of the earth. 
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CHAPTER IV. 



INTEGRATION OF THE DIFFERENTIAL EQUATIONS. 



Section I. 

General jyroceas described. 

25. The differential equations which we have obtained 
are, as already stated, incapable of solution in their general 
forms; and even when P, Tj &c. have been replaced by 
their values, the integration cannot be effected, and we 
must proceed by successive approximation. 

Firstly, neglect the disturbing force of the sun which 
is of the second order, and also the moon's latitude, which, 
as will be seen by referring to the expression? for the 
forces (23), will either enter to the second power or else 
in combination with the disturbing force. 

When this is done the equations become integrable, and 
values of u and s may be obtained in terms of correct to 
the same order of approximation as the differential equations 
themselves, that is, to the first order ; this value of u will 
then enable us to get the connexion between d and t to 
the same order. 

[Let us, however, bear in mind that the equations thus integrated 
are not the differential equations of the moon's motions, but only 
approximate forms of them; and it is, therefore, possible that the 



i 



■'f-.' 
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results obtained may not be eyen approximate forms of the true 
solutions. 

Whether they are so or not, can only appear by comparing them 
with what we already know of the motion from observation, and this 
previous knowledge, in the event of their not being approximations, will 
probably suggest such modifications of them as wiU render them so.] 

The integration of the equations (a), (/9), (y) can be per- 
formed when the second members are circalar functions of 
0; and as tiie fib^t approximation will give us the values 
otumism that form, these values when admissible will, 
if carried into tiie expressions for tiie forces, also express 
these as functions of 0j and we can proceed to a higher 
approximation. 

The new approximate values of P, T^ 8 are then made 
use of to reduce the sec%nd members of the differential 
equations to functions of d, retaining those terms of the 
expressions which are of the second order. 

The equations are again integrable, and this being done, 
the values of Uj Sj t will be obtained correctiy to the second 
order. These values introduced in the same manner in the 
second members, and terms of the next higher order re- 
tained, will lead to a third approximation, and so on, to 
any order; except that if we wish to carry it on beyond 
the third, the approximate values of the forces, given in 
Art. (23), would no longer be sufficiently exact. 

26. There is, however, a peculiarity in these equations, 
when solved by this process, which we must notice. We 
have said that to obtain the values to any order, all terms 
up to that order must be retained in the second members: 
but it may happen that a term of. an order beyond that 
to which we are working would, if retained, be so altered 
by the integration as to come within the proposed order. 

Such terms must therefore not be rejected, and we shall 
proceed to examine by what means they may be recognised. 
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27. Suppose then that after an approximation to a certain 
order, the substitutions for the next step have brought the 
equation In tt to the form 

^+«^ = + (?cos(p^+Jr) + , 

where the coefficient Q is one order beyond that which we 
Intend to retain. The solution of this equation will be of 
the form 

w = + <?' COB (jp5 + -BT) + , 

G being a constant to be determined by putting this value 
of t^In the differential equation, 

G 

whence G = « , 

from wluch we learn that If p differs very little from 1, G 
will be at least one order low&r than (7, and will come 
within our proposed approximation, and consequently the 
term G^ cos(j?^ + JGT) must be retained In the differential 
equation. 

The equation of the moon's latitude being of the same 
form as that of the radius vector, the same remarks apply 
to It. 

28. Again, In finding the connexion between the lon^* 
• tude and the time (one of the principal objects of the Theory), 

we must use equation (a), Art. (20), 

dt 1 



*^V('-*"'/^'') 



Now, having developed the second member and substituted 
for u. &c. thdbr values In terms of d. let It become 

-n-Q- + ^cos(g'^ + J8)+ ; 



/; 
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hence, t= + — sm{q0 + B) +. 

Therefore, when j is of the first order, ~ will be one order 

lower than Qy and the term will have risen in importance by 
the integration. 

But yet further, if such terms occur in -5, they will be 
twice increased in value; for they increase once in forming 

T 

Since such terms occur in the development of -f , and also 

of ^ , on account of their previously being found in w, we 

must examine how they appear in the differential equation 

that gives u^ that we may recognise and retain them at the 

outset. Now, by referring to the last article, we see that when 

p is very small G and G' will be of the same order; and in 

1 T 
-5 , -3 the order of the term will still be the same. 



29. We have, therefore, the following rule : 

In approximating to any given order ^ we must^ in iJie differ 
rential equations for u and s, retain periodical terms ONE 
ORDER beyond the proposed one^ when the coefficient of in 
their argu^jpeni^ is nearly equal to 1 or 0; and terms in which 
the coefficient of the argument is nearly equal to 0, mvst he 
retained TWO ORDERS beyond the proposed approximaiiion when 

T 

they occwr in ^-^-g . 

* The angle of a periodical term is its only variable part and is called 
the argwnenit* 
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If we wished to obtain u only and not f , there would be 
no necessity for retaining those terms of a more advanced 
order in which the coefficient of nearly equals 0. 



Section II. 

To solve the Eguationa to the first order. 

30. We shall in this first step neglect the terms which 
depend on the disturbing force, i.e. those terms which con- 
tain m\ for we have seen. Art. (24), that such terms will be 
of the second order. 

The differential equations may be written under the more 
convenient form 



dff''^ 



P T du (d^u \ f T j^ .^. 

d's Ps-S T ds ^ld\ \{T j^ , „ 

The latitude s of the moon can never exceed the inclina- 
tion of the orbit to the ecliptic ; but this inclination is of the 
first order, therefore s is at least of the first order and «' may 
be neglected. 

Therefore, from Art. (23), 

P T ^ PS--8 ^ 

and the differential equations become 

d's ^ 
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whence «« = ts {1 + « cos (^ — a)}, or, writing a for ^ , 

u=a {l + 6Cos(tf-a)} (t^J, 

and «=isin(^ — 7) (/SJ, 

e^ a, h^ y being the fotLr constants introduced by integration. 

31. These results are in perfect agreement with what 
rough observations had abeadj taught us concerning the 
moon's motion Art. (22] ; for 

u=^a{l + e cos(5 — a)} 

represents motion in an ellipse about the earth as focus. 

Again, « = Ajsin(tf — 7) indicates motion in a plane in- 
clined to the ecliptic at an angle tan'^A;. 
For, if Y OM' be the ecliptic, 

M the moon's place, 
MM' an arc perpen- 
dicular to the ecliptic, ^^___ 

then rM'=^d; ^ 

and if TO be taken equal to 7, and OM joined by an arc of 
great circle, we have 

sin OW = tan JlOf' cot MOM' ; 

or sin (d - 7) = « cot MOM' j 

which, compared with the equation above, shews that 

MOM'^tm'k. 

Therefore, the moon is in a plane passing through a fixed 
point and making a constant angle with the ecliptic; or? 
the moon moves in a plane. 

32. What the equations can not teach iis, however, and 
for which we must have recourse to our observations, is the 

D 
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approximate magnitude of the quantities e and k. By re- 
ferring to Art. (22), we see that e is about ^ and h about 
3^, that is, both these quantities are of the first order. Their 
exact values cannot yet be obtained : the means of doing so 
from multiplied observations will be indicated further on. 

The values of a and 7 introduced in the above solutions 
are respectively the longitude of the apse and of the node. 

33. Lastly, to find the connexion between t and ^, the 
equation (a) becomes, making 7=0, 

^« _ J_ _ _1 1 

de "" hu^ " Aa* {1 4.e cos(e-a)P * 

Now this is the very same equation that we had connecting 
t and in the problem of two bodies^ Art. (12), as we ought 
to expect, since we have ^neglected the sun's action. There- 
fore, if p be the moon's mean angular velocity, we should, 
following the same process as in the article referred to, 
arrive at the result 

^=jp^-|.s + 2e sin(^« + e — a) + fe' sin2 [pt^-z — oi) + , 

which is correct only to the first order, since we have re- 
jected some terms of the second order by neglecting the 
disturbing force. 

34. The arbitrary constant e, introduced in the process 
of integration, can be got rid of by a proper assumption : 
this assumption is, that the time t is reckoned from the 
instant when the mean value of 6 is zero.* 



♦ When a function of a variable contains periodical terms which go 
through all their changes positive and negative as the variable increases 
continuously, the mean valve of the function is the part which is inde- 
pendent of the periodical terms. 
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For, since the mean value of 0^ found by rejecting the 
periodical terms, is p^ + e; if, when this vanishes, ^ = 0, we 
must have s = ; therefore 

^=p^ + 2esin(p«-a) 0^, 

correct to the first order.* 

35. We have now obtained three results, J7j, S^y 0j, 
as solutions to the first order of our differential equations, 
and we must employ them to obtain the next approximate 
solutions: but before U^ and 8^ can be so employed they 
must be slightly modified, in such a manner however as 
not to interfere with their degree of approximation. 

The necessity for such a modification will appear from 
the following considerations: 

Suppose we proceed with the values already obtained; 
we have, by Art. (23), * 

AV h?^ ^^ ^h^u^ 

= '\-A cos(5-a) + ; 

* We shaU also employ this method of correcting the integral in our 
next approximation to the value of 6 in terms of t ; and if we purposed 
to carry our approximations to a higher order than the second, w6 should 
still adopt the same value, that is, zero, for the abitrary constant intro- 
duced by the integration. To shew the advantage of thus correcting with 
respect to mean values : suppose we reckoned the time from some definite 
value of 0, for instance when 0=0; then, in the first approximation, 

= e + 2c sin(€ — a), 

is the equation for determining the constant e, and in the second ap> 
proximation, c would be found from' 

= « + 2fi sin(£ - o) + ie* 8in2 (« - a) + , 

giving differei^t values of c at each successive approximation. 

D2 
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and this being substituted In the differential equation (/S") 
of Art. (30), gives 

d u A i/\ \ 

^ + w= + -4 cos(^-a)4- , 

the solution of which is 

') w=a{l + e cos(^-a)} + + \Ad sm(^-a). 

Our first approximate value w = a {1 + e cos(ff — a)} is thus 
corrected by a term which, on account of the factor 0^ admits 
of indefinite increase, and thus becomes ultimately a more 
important term than that with which we started as being 
very nearly the true value, and which is confirmed as such 
by observation (22) : for, the moon's distance, as determined 
by her parallax, is never much less than 60 times the earth's 
radius ; whereas this new value of t«, when is very great, 
would make the distance indefinitely small; aQd, on the 
same principle, we see that any solution, which comprises 
a term of the form AO sin(0 — a), cannot be an approximate 
solution except for a small range of values of 0. 

Such terms 'if they really had an existence in our system, must 

* end in its destruction, or at least in the total subversion of its present 
'state; but when they do occur, they haye their origin, not in the 
' nature of the differential equations, but in the imperfection of our 
'analysis, and in the inadequate reprejsentation of the perturbations, 
' and are to be got rid of, or rattier included in more general expres- 
^sions of a periodical nature, by a more refined investigation than that 
'which led us to them. The nature of this difficulty will be easily 
' understood from the following reasoning. Suppose that a term, such 
'as a%m{A9^B), should exist in the value of u, in which A being 
' extremely minute, the period of the inequality denoted by it would 
'be of great length; then, whatever might be the value of the co- 
' efficient a, the inequality would still be always confined within certain 
' limits, and after many ages would return to its former state. 

' Suppose now that our peculiar mode of arriving at the value of th 
'led us to this term, not in its real analytical form a sin(^0 + J9), but 

• by the way of its development in powers of ^, a-\-p0-\- 7^ + &c. ; and 
'that, not at once, but piecemeal, as it were ; a first appoximation giving 
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<U8 only the term a, a Becond adding the tenn pO, and so on. If 
'we stopped here, it is obvious that we should mistake the nature 
' of diis inequality, and that a really periodical function, from the effect 
* of an imperfect approximation, would appear under the form of one 

'not periodical These terms in the value of m, when they 

'occur, are not superfluous; they are essential to its expression, but 
' they lead us to erroneous conclusions as to the stability of our system 
^and the general laws of its perturbations, imless we keep in view that 
' they are only parts of series ; the principal parts, it is true, when 
' we confine ourselves to intervals of moderate length, but which cease 
' to be so after the lapse of very long times, the rest of the series 
'acquiring ultimately the preponderance, and compensating the want 
' of periodicity of its first terms/ — SiB John Herschel, Encyclopedia 
Metropolitana — ^Physical Astbonomy, p. 679. 

36. To extricate ourselves from this diflSculty, and 
to alter the solution so that none but periodical terms 
may be introduced, let us again observe that the equation 

-j354-m = ~=^ of Art. (30), which gave the solution Z7, 

ttv it 

and thus led to the difficulty, is only an approximate form 
of the first order of the exact equation [ff) of the same 
article. Any value of w, therefore, which satisfies the ap- 

proximate equation -^ + m = a to the first order, and which 

evades the difficulty mentioned above, may be taken as a 
solution to the same order of the exact equation (/8'). 
Such a value will be 

w = a{H-e cos(c^ — a)} Z7/, 

provided 1 — c* be of the first order at least, for then 

d\ 

-^-f 2/ = a + a6(l— c") co8(c^ — a), 

= a to the first order. 

37. The observations hitherto made to check our ap- 
proximations were extremely rough (22), and carried on 
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only for a short interval; but when they are made with 
a little more accuracy, and extended over several revolutions 
of the moon, it is found that her apse and the plane of 
her orbit are in constant motion. 

The above form of the value of u is suggested by our 
previous knowledge of this motion of the apse, which, as 
we ^hall see Art. (66), is connected with the value of c 
here introduced; and there is no doubt that Clairaut, to 
whom this artifice is due, was led to it by that consideration, 
and by his acquaintance with the results of Newton's ninth 
section, which, when translated into analytical language, lead 
at once to this form of the value of w.* 

We might, therefore, taking for granted the results of 
observation, have commenced our approximation at this step, 
and have at once written down 

w = a {1+e cos(c^ — a)}, 

but we should, in so doing, have merely postponed the dif- 
ficulty to the next step, since there again, as we shall find, 
the differential equation is of the form 



rf» 



dd" 



u 
+ M = a function of ^, 



* Newton has there shewn, that if the angular velocity of the orbit 
be to that of the body as 6^ - ^ to* G, the additional centripetal force is 

— ^5 — AV, the original force being fiu\ Therefore 

(Pu u G*-F* 

d0* h* G* ' 

dJ^' G^^ h* G^hf G" 



F* fJi F* a F* 

4- — M <= — = — -i— = — a. 
G* h* G* hf G* * 

K = fl i 1 + C COsf ^ ^ - aj [ , 



F . 

where -^ is the same as our c. 
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the correct integral of which would be, 

u = A cos(^-5) + , 

and this would at the next operation bring in a term with 
^ for a coefficient, which we now know must not be. We 
shall, therefore, hereafter omit such terms as A cos(^-J9) 
altogether, and merely write 

w = a{l + e cos(ctf — a)} + : 

38. So far, all that we know about c-is that it diiFers 
from unity at most by a quantity of the first order, but 
its value will be more and more correctly obtained by always 
writing, in the successive approximations, a-i-ae cos(c^ — a) 
for the first two terms of the value of w, then the coefficient 
of cos(c5— a) in the differential equation must equal ac(l — c**)*; 
and this will enable us to determine c to the same order 
of approximation as that of the differential equation itself. 
See Arts. (48) and (94). 

39. In carrying on the solution of 5, the same difficulty 
arises as in t*, and it will be found necessary to change it into 

s = kmi{g0'-y) 8\y 

g being a quantity which differs from unity at most by a 
quantity of the first order. See Arts. (49) and (95). 

40. The equation 0j will also be modified by this change 
in the value of w, 

dt^^J. 1 

dd^ M {l+ecos(c^-a)}'' 

d.ct __ 1 1 

-> . ^^Z^'h^' {H-ecos(c^-a)f 

Here c0 and ct hold the places which and t occupied 
in-^SS); therefore 

c0 = cpt-{-2e sm{cpt-a)y lU^ i-'' 
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or 0=pt + 2e &in{cpt'-a) ©', 

to the first order, since - = c to the first order. 

c 

41. Since the disturbing forces are to be taken into 
account in the next approximation, we shall have to use 
the value of u* found in (18), which is 

w' = a'{l + e'cos(^'-5)}: 

but this introduces 6' ; we must therefore further modify it 
by substituting for ff its value in terns of 6, and it wiU 
be found sufficient, for the purpose of the present work, 
to obtain the connexion between them to the first order, 
which may be done as follows : 

Let m be the ratio of the mean motions of t^e sun and 
moon, • 

y, p their mean angular velocities ; .•. p = mp^ 

p*t-\- ^^ pt mean longitudes at time ^, fi being the sun's 

longitude when ^ = 0, 

ffj 6 true longitudes at time f, 

f, a longitude of perigees when ^ = ; 

therefore ^' — frs sun's true anomaly, 

and y*4- )8 — ?= mean anomaly. 

But, by Art. (13), 
true anomaly = mean anomaly + 2e' sin (mean anomaly) -f &c.; 

therefore ff^ pt + fi -^2e' sm{p't + 0-^) + 

== mpt + fi +2e' BUx{mpt + l3-^)+ 

m0 + l3 +2e' sm{m0 + fi-^) 
to the fii'st order ; 
because pt = 0--2e sin [c0 — a) to the first order by (40). 
Whence w' = a' { 1 + e' cos [m0 + /8 - f )} to the first order. 
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42. The values of Bm2 {Q- ff) and cos 2 (tf- ^) can also 9 
be readily obtained to the same order : * 

sin2(^-^) 

= sm{(2-2w)5-2^-4e'sin(w^ + )8-?)} 

= sin {(2-2m) ^ - 2/8} - 4e sin(w5+y3- ?) cos {(2 -2w) «^- 2/3} 

= sin{(2-2w)0-2)8}-2e'sin{(2-m)e-/9-f} 

+ 26' ffln{(2 - 3w) e - 3/8 + ?}. 
Similarly, cos 2 (0 - ©') = cos {(2 - 2w) © - 2/8} 

- 2e' cos{(2 - w) e-/8- ?} + 2e' cos{(2 - 3w) 0- 3/8+ ?}• 
The first term of each of these is all we shall require. 



Section III. 

To solve the Equations to the Second Order. 

43. Let us recapitulate the results of the last approxi- 
mation. 

tt = a {1 + e cos(c9 — a)}, 

1^' = a' {1 + 6' cos(me + /8 - ?)}, 

s=^h sin(5'0-7), 

e-9' = (l-7w)(9-/3-26'sin(mfl + /8-?). 

These values must now be substituted in the expressions for 
P T Ps-8 T du T_d^ (d^ \ rr_ ^^ 
h'u'' AV AV » h'u'dO' h'u'de' [dSf^^J Jh'u''^^' 

i^"^*) |p~8 ^^> retaining terms above the second order, 

when, according to the criterion of Art. (29), they promise 
to become of the second order after integrating. 
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The equations (ff) and (7') of Art. (30) will then assume 
the forms 

and the integration of these will enable us to obtain » and s 
to the second order ; after which, equation (a) of Art. (20) will 
give the connexion between and t to the same order. 

44. The quantity -Yg-j , which we shall meet with as 

a coefficient of the terms due to the disturbing force, can 
be replaced by m\ m being the ratio of the mean motions 
of the sun and moon. 

So long as we neglected the disturbing force, h and a 
had determinate values : — they belonged to the ellipse which 
formed our first imperfect solution, and would therefore be 
known from the circumstances of motion in that ellipse at 
any instant, h being double the area described in a unit 
of time, and a the reciprocal of the semi-latus rectum. It 
would consequently be impossible to assume any arbitrary 
connexion between them. But, when we proceed to a second 
approximation and introduce the disturbing force, there is 
no longer a determinate ellipse to which the h and a apply : 
the equation /a = A"a of Art. (30) merely shews that a and h 
must refer to some one of the instantaneous ellipses which 
the moon could describe about the earth if the disturbance 
were to cease, and we are at liberty to select any one of 
these which will allow us to proceed with our approximation. 
The particular ellipse will be determined by the assumed 

relation -y^-a = w'a, and the selection is suggested and 
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justified by the following reasoning: 

__p' _ average period of moon about earth 
p period of sun about earth ' 

but, since the instantaneous ellipses are nearly circles, we 
have, as in Art. (24), 

(period of moon about earth )^ _ m'a^ , 
(period of sun about earth)* "" /ta' ^ ' 

therefore if a be properly chosen, 

m = — 3-, 

« > ma 

ma = 



AV • 



45. We have therefore 



^. = |^.(l-K)-^{i + fcos2(0-0')} 

^a{l-|ysm(gfl-7)}- [ AV{l + ecos(cg-«) rJ 

[i + f cos {(2 -2m) 0-2^8}] 

ri-fA* + fi'cos2(,9d-7) 
= a -^m'{l + 3e'cos(»i0 + ^-?)} {l-3e cos(c0-a)} 
[ [1 + 3 cos {(2 - 2m) - 2^}] 

1_ ji*+p»cos2(^0-7)-^'[l+3 cos{(2-^m) 0-2/3}] 
= a I — fmV cos (m0 + )8 — $") + \n^e cos (c0 — a) 

l +fm^eco8{(2-2m-c)0-2/8 + a}. 

He last three terms are retained, though of the third 
order, according to Art. (29). The first of the three will 
not rise in importance in the value of w, but it is retained 
for its subsequent use in finding ^, when it will become of 
the second order. The other terms of the third order, which 
arise in the development of the expression, are neglected, 



u 
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as the coefficients of ^ in their arguments are neither small 
nor near miity. 

T__ 



^^Bbxfiie-ff) 



ih*u* 









{l + 6C08(ctf-a)}' 

= - fm* {1 + 36' co8(7w^ + )8- ?)} 

[1 - 4€ cob(c^- a) + 106* C08"(c^- a)] 8m{(2 - 2m) tf- 2)8} 

= - |m' {1 + 36' co8(m^ + )8- (0} 

[8m{(2-2w)^-2/8}-2c8m{(2-2m-c)^-2/8 + a} 

+ f c* sin {(2 - 2w - 2c) ^ - 2)8 + 2a}] 
'8m{(2 -2w) 5-2/8} - 26 sin {(2-2m- c) ^-2)8+a} 
,+ f 6" sm{(2 - 2w - 2c) 5 - 2/8 + 2a}. 

We have, In t&e course of the reduction, dropped those 
terms which, according to Art. (29), could not produce im- 
portant terms in the resulting value either of u or of L 
The last term, though of the fourth order, is retained be- 
cause 2 — 2m — 2c is small. 

Tj-s jg= (previous expression) {--aec sin(c5 — a)} 

= 1^*06 COS {(2 - 2m - c) (? - 2)8 + a} , 

for, to the first order, c = 1 ; 
T /Li 
Wdd^ (same expression) {kg eo^[gd-i)] 

= - f m*A sin {(2 - 2m -^r) 5 - 2)8 + 7}, 
for, ^ = 1 to the first order : 



-—cos {(2 -2m) ^-2^} 



2-2to 



j"^rf^ = K - 2-|^C08{(2-2m-c)5-2i8 + a} 



be 



.-^ 2(2-2m-2c) «>8{(2-2'>t- Z*^) ^-2/34-2«} ; 
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but - — — =i + terms of first order, 



f 



2-2m 
2e 



2-2W-C 
5e* 5e» 



= — 2e + terms of second order, 



2 (2 -2m- 2c 4(l-w-c)* 

Here the denominator is of the first order, and cannot be 
further simplified without a more accurate knowledge of the 
value of c. We shall find in the next value of w, Art (48), 
that 1 — is of the second order, and as this result is obtained 
independently of the term we are here considering, which is 
only retained for the sake of finding ^, there is no impropriety 
in anticipating thus far in order to simplify this coefficient, 
which then becomes 

•'• fTr8^^ = fw*cos{(2-2w)ff-2)8} 

- 3w*e cos{(2 - 2«i - c) ^ - 2)8 + a} 

- ^m^ cos {(2 - 2m - 2c) ff - 2/3 + 2a}. 
Also, by Art. (36), 

-^ + w = a + quantities of the second order, 

d's 

jSi + 8 = small quantity of the second order at least ; 

.•.2(g + u)J^rf^ = K«co8{(2-2m)5-2/9} 

- Gm'oe cos{(2 - 2m - c) ^ - 2i8 + a} 
• - t^mc'a cos {(2 -2m-2c)tf- 2/9 + 2a}, 
2 (^ + 5] (^ rf^ = 0, to the third order. 
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Lastly, 

= - f w'5 [1 + COS {(2 - 2w) 5 - 2/8}] 

{1 + 3e' co&[md + ^8 - f ) - 4^ cos(ctf - a)} 

= «|^2;^[sm(^fl--7)-ism{(2-2w-.9)tf-2i8 + 7}]. 

In all these expressions we have rejected those terms of 
the third and higher orders which, according to Art. (29), 
would not influence the second order.* 

46. We must now substitute these values in the diffe- 
rential equations for u and s^ and then integrate, omitting 
the complementary term A co^{0 — B)] for though, by the 
theory of differential equations, this would form a necessary 
part of the solution, we have seen Art. (35), that it cannot 
in this shape form a part of the correct value of u or 5, but 
will be comprised in the terms whose arguments are cO — 'a 
and gO — 7. 

47. Since the form of the solution is known, the actual 
' expressions for u and a will be obtained with more facility 



* Instead of the forces which, really act on. the moon, we originally 
substituted three equivalent ones, P, T, S; these again are, by the pre- 
ceding expressions, replaced by a set of others. For, we may conceive 

p 

each of the terms in -— , &c, to correspond to a force,— a component of 

P, r, or S; each force having the same argument as the term to which 
it corresponds, and therefore going through its cycle of values in the same ^ 
time. Now, by Art. (29), when the coefficient of 6 in the argument is T^ 
near unity, the term becomes important in the radius vector, and when 1 
near zero, in the longitude : hence, a force whosa period is nearly the same \ 
as that of the moon, produces important effects in the radius vector ; and 
a force whose period is very long will be important in its effect on the 
longitude. See Airy's Tracts, Planetary Theory, p. 78. 
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by assuming them with arbitrary coefficients, the values of 
which are afterwards determined by substitution. 

We must remember, however, that the coefficients of 
cos(c5 — a) in u and of sin(^0 — 7) in s must be assumed the 
same as in the first approximate solutions; and that these 
assumptions will enable us to obtain the values of and g to 
the same order of approximation as that to which we are 
working, Art. (38). 



48. Considering, firstly, the equation in w, we have 






"^"^~" z2-.a 



T du 



u 



8-.» 



AV 



du ^ fd\ \ [T ,^ 



+ f r/i*e cos {c0 — a) 
+ |^'cos2 (9^5-7) 
= a( - 3m" cos{(2 - 2m)0-2fi} 

.+ ^^m^e cos{(2-2m-c) 5- 2/3 + a} 

-fmVcos(m^ + /3-e:) 

.+ ^me^ cos {(2 - 2m - 2c) ^ - 2)8 + 2a}. 

The last two terms would not be retained if we wished 
to. find the value of u only, but, in finding t afterwards, they 
will become of the second order. 

'l-fi^-im" 



Assume u = a 



+ e cos [cd — a) 

-{■A cos2{5'ff — 7) 

+ 5cos{(2-2m)d-2/3} 

+ (7cos{(2-2m-c)d-2i8 + a} 

+ Z)cos(me + y3-?) 

^+ E cos {(2 - 2m - 2c) 6> - 2/3 + 2a}. 
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Tten, by substitution, 

e (1 — c*) = |wi*e, 

^(i-V) =1^, 

B{l-{2-2my} ^-Sm", 

C{l-(2-2jn-c)''} =^m\ 

^{1 - (2 -2»ra- 2c)"} = V'wJC*; 

whence c = V(l — f »»*) = 1 — fm*, 

8*" 



A = 



B= 



4(1-4) 
1-4 



= -ik% 



= m" 



C = 



15m*e 



D=- 



2 {1 - (1 - 2»i + imj} " '^'^' 
3mV 



2(l-m'0 
15«i«* 



= - fwV, 



Therefore 

+ e CQB{cd-a) 
-ili?coa2{ge-y) 
« = o( + «i? cos{(2 -2m) d- 2/8} 

+ V«« COS {(2 - 2»i - c) - 2/9 + a} 

-fwtVcos(«ifl+/8-f) 

.+ ^i^ww* cos {(2 - 2m - 2c) - 2/8 + 2a} , 



^ U 

/ • • • *-^»|» 



49. The differential equation of the latitude 



-KS+^)/;£'^« 
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becomes, after substitution, 

d^s _ f— |»i% Bm{gO — 7) 

^ *""Ufm*Ajsin{(2-2w-5r)fl-2i8 + 7}. 

\+A sin{(2-2wi-^) 0-2^ + 7}. 
Then, by substitution, we get 

^ (1 - (2 - 2i» -y)'} = + f w%. 
Therefore flr = V(l + |m") =l + fw*, 

. W** , 

'^"■2{l-(l-2m-Kn"* ' 

therefore ,^f «in(?e7) .. . .1 ^s- 

1+ fwiA sin {(2 - 2w -gr) e - 2/8 + 7I) 

50. We can now find the connexion between the longi- 
tude and the time to the second order, 

and from Art. (48) we have 

1 1 

Aw*"Aa*{l + 6Cos(cfl-a) + S, + S3}*' 

(2, being the sum of all the terms of the second, and 
2, those of the third order in u,) 

= ^[l-2{ecos(c«-a) + S, + S.} 

+ 3 {e cos(ce - a) + 2, + 23}* - &c.] 
= ^[l-2ecos(ce- a) -22,-22, 

+ 3e' cos'(ce - a) + 6S,e cos(ce - a)] 

E 
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hd 






= ^^[l-2€Cos(ce-.a)-2^-223 + fe*+ |€"co82(c0-a) 

+ V^' COB {(2 - 2w - 2c) e - 2/9 4- 2a}] 
1 + fc" + f>fc"-f w* - 26 cos(c0- a) 

+ ie*co82(cO-a) 
+ i*" cos 2 (5^0-7) 

- 2m* cos {(2 - 27/i) - 2/3} 

- yme cos{(2-2m-c)9-2/8+a} 
+ 3wVco8(we + )8-f) 

- V»^'co8{(2-2wi-2c)e-2/9+2a}. 

Also, from Art. (45), 

1 - /riTs ^(? = 1 - \r^ cos { (2 - 2w) e - 2/8} 

+ V»^' cos {(2 - 2?w - 2c) - 2^ + 2a}, 

neglecting the other term of the third order, the coefficient 

of the argument not being smaU. 

We have now to multiply these results together, and we 

see that the term having for argument (2— 2m— 2c)6~2/8+2a 

will disappear in the product. If we trace this term, we shall 

[ T 
find that it arose in \jri dOj from retaining originally terms 

of the fourth order, but in ^ it arises from combining terms 

not exceeding the third order. If, therefore, we had rejected 
terms beyond the third order indiscriminately, the expression 

^Tj would have contained this term, introduced by y— ,, and 
ad ' '^ hu^^ 

in Ht would have been raised to the second order, and there- 
fore formed an important part of its value instead of disappear- 
ing altogether from the expression. Hence the necessity for 

, T 
retaining such terms of the fourth order in 
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+ |e*co82(ce-a) 

- Vw' cob{(2 - 2w) e- 2)8} 

+ 3wV C08(we+j8- {:)• 



Let 



5^,(l4-K + f^ + m«)=|; 



Aa' 



therefore jp = Aa* (1 - §6* — ffi" - m*) to the third order ; 

therefore, multiplying by p and integrating, we get, still to 
the second order, 

jp«=d-2e8in(ce-a) + y Bin2(cfl-a) 

- V»*' 8in{(2 - 2m) 0-2/3} ) ..•©,, 

- y wi€ sin{(2 - 2w-c) fl- 2)8 + a} 
+ 3WBin(we + i8-C) 

no constant is added, the time being reckoned from the 
instant when the mean value of vanishes, for the reasons 
explained in Art. (34). 



51. The preceding equations C^, 8^ 0, give the reci- 
procal of the radius vector, the latitude and the time in 
terms of the true longitude ; but the principal object of' the 
analytical investigations of the Lunar Theory being the 
formation of tables which give the coordinates of the moon 
at stated times, we must express u, «, and in terms of t 

To do this, we must reverse the series jp^=:0 — &c., and 
then substitute the value of in the expressions for u and «» 

Now =jp« + 26 sin(c0 — a) to the first order 

=^« + 2e sin (cp« — a) ; 

e2 
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& 

• • • xj^ ^« 



therefore cO — a^cpt — a + ^e sin(cpf — a) to the first order, 
2e sin {c0 — a) = 26 {sin {cpt — a) + 2e mn{cpt — a) cos(cp^ — a)} 

to the second order, 
, =2e 8in(cp^— a) + 2c' sin2 (cp« — a) ; 

and as and pt differ by a quantity of the first order, they 
may be used indiscriminately In terms of the second order ; 
therefore 

0^pt-^ 2e 8m(<3p<— a) + Je* sln2 {cpt - a) 

— \J^ sin2 [gpt -^ y) 
+ Vm" sin {(2 - 2m) pt - 2^} 
+ i^w6 sln{(2-2m-c)^« - 2^8 + a} 

— Sme' sIn(7»/?*4 iS— ?) 

52. In the value of w ^ven In Art. (48), substitute pt for 
In terms of the second order, and pt + 2e em {cpt ^ a) In the 
term of the first order ; then 

1— |i*— ^"— e*+e cos(cp^-a) + 6* cos2((y^ — a) 

— \J(? cos2 {gpt — 7) 
+ m" cos {(2 - 2m) ^e - 2)8} 

+ y^mecos{(2-2m-c)p«-2i8+a}J 

the other terms In the value of t« In Art. (48), which were 
there retained only for the sake of subsequently finding ^, 
being of the third order, are here omitted. 

53. Similarly, the expression for s becomes 
« = A sin{(gp«— 7) + 2e sin (cp^ — a)} 

+ fmJfesIn{(2^2m-(jr)i>«-2j8 + 7}; 
'8m(gpe-7) 

+6 sIn{(|7 + c)^<-a-7} 
-6 rin{(;9r-c)jp« + a-7} 
+ |wsIn{(2-2w-^)^«-2)9 + 7} 



u^a 






or 



8=ih 



s^. 
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The expreBsion for 8 is more complex in this form than whett 
given in terms of the tme longitude 0, 

54. K P be the moon's mean parallax, and 11 the parallax 
at the time t^ 

-V(i+0 

= 5w (1 - {J^ 4 ii? COB 2 {ffpt — 7)} to the second order, 
1 — A? — ^'— «'H-e cos(cp< — a) + €* cos2(cp<— a) 
= 5a + m* cos {(2 - 2m) pt - 2)8} 

[ +^me cos{(2 - 2m - c)^« - 2/8 + a} ; 

but P=the portion which is independent of periodical terms, 

l + e cos(cp^— a) + e* cos2(g9<— a) 

+ m* cos {(2 - 2m) pt - 2/8} 
, + V^ecos{(2-2m-c)^<-2y8 + a} 
neglecting terms of the third order. 



therefore 11 = P 



55. Here we terminate our approximations to the values 
of u^ 8y and 0. If we wished to carry them to the third 
order, it would be necessary to include some terms of the 
fourth and fifth orders according to Art. (29), and the ap- 
proximate values of P, T^ and S^ given in Art. (23), would 
no longer be sufficiently accurate, but we should have to 
recur to the exact values, and from them obtain terms of 
an order beyond those already employed. 

K this be done, it is found that 

W== -^^-E^"^ -Bm[0-0) 
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These terms of the fourth order become of the third order in 
the value of Uj and therefore also of t^ the coefficient of 
being near unity. 

We shall see further on (Appendix, Art. 97), to what 
purpose a knowledge of the existence of these terms has 
been applied. 

56» The process followed in the preceding pages is a 
sufficient clue to what must be done for a higher approxi- 
mation. 

The coordinates u' and ff of the sun's position are, by 
the theory of elliptic motion, known in terms of the time tj 
and t is given in terms of the longitude by the equation 
O,. Hence u!^ and ff can be obtained in terms of ; but 
it will be necessary to take into account the slow progres- 
sive motion of the sun's perigee, which we have hitherto 
neglected. This will be done by writing c'ff — f for ^ — f) 
c' being a quantity which differs very little from unity.* 

These values of u\ ffy together with those of u and s in 
terms of ^, as given by U^ and 8^y are then to be substituted 
in the corrected values of the forces, and thence in the 



* 'En refl6chissant sur les tennes que doivent introduire toutes les 
' quantitSs pr6c6deiites, on yoit qu'il Be pent gliaser des cosinus de Tangle 
< dont nous avons yu le dangereux e£fet d'amen^ dans la yaleur de u des 
' arcs au lieu de leurs cosinus ; de tels termes viendront, par ezemple, de 
' la combinaison des cosinus de (1 —«) 6 avec des cosinus de m6 

* Pour ^viter cet inconvenient qui dterait k la solution pr6c4dente 

' Tayantage de conyemr k un aussi grand nombre de revolutions qu'on you- 

* drait, et la priyerait de la simplicity et de rumversalit^ si precieuses en 

* math^matiques, il faut commencer par en chercher la cause. Or, on d6- 

* couyre facilement que ces termes ne yiennent que de ce qu'on a suppose 

* fixe I'apog^e du soleil, ce qui n'est pas permis en toute rigueur, puisque 
' quelque petite que soit sur cet astre Taction de la lune, eUe n'en est pas 
'moins r^elle et doit lui produire un mouyement d' apogee quoique tr^ 
*Ient H la Y^ntk,' Clairaut, Theorie de la Lune, p. 66, 2me^iditio!a. 
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differential equations. The integrations being performed as 
before will give the values of w, «, and t in terms of 6 to the 
third order, and from these, as in Arts. (51), (52), and (53), 
may be obtained u^ 5, and 6 in terms of t. 

57. More approximate values of c and g are obtained at 
the same time, by means of the coefficients of cos(cd — a) and 
8in(^<?-7) in the differential equations, (se^Appendix, Arts. 
94 and 95). 

58. The values to the fourth order are then obtained 
from those of the third by continuing the same process, and 
so on to the fifth and higher orders ; but the calculations are 
so complex that the approximations have not been carried 
beyond the fifth order, and already the value of in terms 
of t contains 128 periodical terms, without including those 
due to the disturbances produced by the planets. The coeffi- 

cients of these periodical terms are functions of w, e, e'j — , 

c, g^ i, and are themselves very complicated under their 
literal forms : that of the term whose argument is twice the 
difference of the longitude of the sun and moon, for instance, 
is itself composed of 46 terms, combinations of the preceding 
constants. 

See Pont^coulant, Syslhne du Monde^ torn. iv. p. 572. 
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CHAPTEE V. 

NUMESIifiiL VALUES OF THE COEFFICIENTS. 

59. Having thus, from theory, obtained the form of the 
developments of the coordinates of the moon's position at 
any time, the next necessary step is the determination of the 
nmnerical values of the coefficients of the several terms. 

We here give three different methods which may be 
employed for that purpose, and these may, moreover, be 
combined according to circumstances* 

60. First rmihod. By particular observations of the sun 
and moon (t.6. by observations made when they occupy 
particular and selected positions), and also by observa- 
tions separated by very long intervals, such, for instance, as 
ancient and modem eclipses, the values of the constants 
p, 971, a, /3, 7, (I", which enter into the arguments^ and of the 
additional ones which enter into the coefficients of the terms 
in the previous developments, may be obtained with great 
accuracy, and by their means, the coefficients themselves; 
c and g being also known in terms of the other constants. 

These may properly be called the theoretical values of the 
coefficients, the only recourse to observation being for the 
determination of the numerical values of the elements. 

61. Second method. Let the constants which enter into 
the arguments be determined as in the first melliod ; and let 
a large number of observations be made, from each of which 
a value of the true longitude, latitude, or parallax is ob-^ 
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tained, together with the correspondiDg value of t reck(»ied 
from the fixed epoch when the mean longitude Is zero. Let 
these correspon^g values be substituted in the equations, 
each observation thus giving rise to a relation between the 
unknown constant coefficients. 

A very great number of equations being thus obtained, 
they are then, by the method of least squares or some ana- 
logous process, reduced to as many as there are coefficients 
to be determined. The solution of these simple equations 
will give the required values. 

This method, however, would scarcely be practicable in 
a high order of approximation. For instance, in the fifth 
order, as stated in Art. (58), each of the numerous equations 
would consist of 130 terms, and these would have to be re- 
duced to 129 equations of 130 terms each. 

62. Third method. When the constants which enter into 
the arguments have been determined by the first method, we 
may obtain any one of the coefficients independently of all 
the others by the following process, provided the number of 
observations be very great. 

Let the form of the function be 

F= J. + J? sin(9 + (7 sin^ + &c., 

and let it be required to determine the constants -4, 5, (7, &c. 
separately ; ^, ^, &c. being functions of the time. 

Let the results of a great number of observations corre- 
sponding to values tf^, 5„ 0^j &c., ^j, ^„ ^3, &c., be F^, F„ V^ 
&c.; so that 

Fj = -4 + -B sin^, + (7 sin^^ + &c., 

F, = ^ + 5sin^, + 0sin^,4-&c., 

F3 = .44 5sm^3 + Csin^3 + &c., 

V^^A + BAn0^^ sm^^ + &c. 
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Now, n heing very great^ we may aimume that the sum of 
the positive values oi each periodical term will be about 
counterbalaiioed by the sum of its negative values ; and there- 
fore, that if we add aU the equations together these terms 
will disappear ; 

therefore A = ^i + ^«+^s+ + K 

n ' 

which determines the non-periodic part of the function. 

To determine B. Let the observations be divided into 
two sets separating the positive and negative values of sin ^; 
then the other periodical terms, not having the same period, 
may be considered as cancelling themselves in adding up the 
terms of each set. Let there be r terms in the first set 

and 8 terms in the second, and let V\ F", F*" be the 

values of F corresponding to positive values of sin ^, which 
values we may assume to be uniformly distributed from 

sinO to siuTT, and therefore to be sinSd, sin2Sd, sinr.Sd, 

where r.S^ = 7r. 

And, again, let F,, F]^, F]^^, F,, be the values of F 

corresponding to the negative values of sln^, viz.; sia(— A^), 
sin(— 2Ad), sin(- 8.A6)^ where s.AO^ir. Then, 



V =^A + B«mS0 +(7sin^' +..., 
F" = ^H- jBsin2.Se+asin«^"+..., 

• 

V''=A + BBmr.8d + Gaia^'+...; 

therefore 

r+V"+ ...+P=r.-4 + £S/ (8m^) 

therefore 

= ^1 + — I smr. 

TT 



F^ =A-BsinAd -\-Csm^, +..., 
F;, = J.- J? sin2.A5 + (7 sin<^,,-|- ..., 

F) =A — B Bins.Ad + C Bm<f>, + ..., 

therefore 

V, + V„ + ... + V,=a.A-BS; (sintf) 



=^ sA- ^2: [Bind. Aff)', 



Ad 



therefore 



8 TtJo 



de 



= A 



2B 



IT 
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therefore 5= J (^ + ^' + -^^ - ^-+^» + -+ ^>) ; 

4 \ r 8 J 

and in a similar manner may each of the coefficients be 
independently determined.* 

For further remarks on this method, see Appendix, Art. 
(104). 

* If r and s are not sufficiently great to allow us to substitute 
r* sinOdO for ^^ anO.iOf we must proceed as follows: 

V'+r"-\- + r'=r-4 + -B(flina^+sin2a^+ + sinra^) 

^j. x> sini(r^•l)a^sinir.^^ 

sinjw 

r -"^^TW^JJ^'"""^^^' 

^ 2B ^ t* 

"■ 1- 1 ^ 

Similarly, ^-"^^-^ ''^'.A-^ (l^^^); 

therefore 

„ T /r^+r^^-f +r*' r,+ F:,+ -fFA 

.|{u£(i,i)}(!:iii^.-i:-^i^ii.-5). 
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CHAPTER VI. 



PHYSICAL INTERPRETATION. 



63. The solution of the problem which is the object of 
the Lunar Theory may now be considered as effected ; that 
is, we have obtained equations which enable us to assign 
the moon's position in the heavens at any given time to 
the second order of approximation ; we have explained how 
the numerical values of the coefficients in these equations 
may be determined from observation; and we have, more-^ 
over, shewn how to proceed in order to obtain a higher 
approximation.* 

It will, however, be interesting to discuss the results we 
have arrived at, to see whether they will enable us to form 
some idea of the nature of the moon's complex motion, and 
also whether they will explain those inequalities or departures 
from uniform circular motion which ancient astronomers had 
observed, but which, until the time of Newton, were so 
many unconnected phenomena, or, at least, had only such 
arbitrary connexions as the astronomers chose to assign, by 
grafting one eccentric or epicycle on another as each newly 
discovered inequality seemed to render it necessary. 



* The means of taking into account the ellipsoidal figure of the earth 
and the distufbances produced by the planets, are too complex to form 
part of an introductory treatise. For information on these points reference 
may be made to Airy's Figure of the Earths Pont^coulant's Systime du 
Monde, vol. it. 



1 



DISCUSSION OF THE LONGITUDE. 61 

It IS trae that our expressions, composed of periodic 
terms, are nothing more than translations into analytical 
Ismguage of the epicycles of the ancients;* but they are 
evolved directly from the fundamental laws of force and 
motion, and as many new terms as we please may be ob- 
tained by carrying on the same process ; whereas the epicycles 
of Hipparchus and his followers were the result of numerous 
and laborious observations and comparisons of observations ; 
each epicycle being introduced to correct its predecessor 
when this one was found madequate to give the position 
of the body at all times : just as with us, the terms of the 
second order correct the rough results given by those of 
the first ; the terms of the third order correct those of the 
second, and so on. But it is impossible to conceive that 
observation alone could have detected aU those minute ir- 
regularities which theory makes known to us in the terms 
of the third and higher orders, even supposing our instruments 
far more perfect than they are; and it will always be a 
subject of admiration and surprise, that Tycho, Kepler, and 
their predecessors should have been able to feel their way 
80 far among the Lunar inequalities, with the means of 
observation they possessed. 

LONGITUDE OF THE MOON. 

64. We shall firstly discuss the expression for the moon's 
longitude, as found Art. (51). 

0sspt'\'2e sin(cp< — a) + f6*sin2(cp^— a) 
+ ^wesin{(2-2w-c)jp«-2/8 + a} 

+ V ^"^ ^^ {(2 - 2m) pt - 2/3} 

— 3W sin(inp«4-i8 — f) 

— JA* sin 2 {gjpt'-y). 

___^_ ,_j ^ - — - - -^ ■ ^^ — . — J— ^^ 

• See WheweU's Hiitaiy ofth9 InducHw SeUncet, 



62 LUNAK THEORY. 

The mean value of ib pt*, and in order to judge of tbe 
effect of any of the small terms, we may consider them 
one at a time as a correction on this mean value pt^ or 
we may select a combination of two or more to form this 
correction. 

We shall have instances of combinations in explaining 
the elliptic inequality and the ^vection^ Arts. (66) and (70) ; 
but in the remaining inequalities each term of the expression 
will form a correction to be considered by itself. 

65. Neglecting all the periodical terms, we have 

e^pt, 

which indicates uniform angular velocity; and as, to the 

same order, the value of u is constant, the two together 

indicate that the moon moves uniformly in a circle, the 

27r 
period of a revolution being — , which is, therefore, the 

expression for a mean sidereal month, or about 27^ days.^ 
The value of ^ is, according to Art. (50), given by 

and as ?n is due to the disturbing action of the sun, we see 
that the mean angular velocity is less, and therefore the mean 
periodic time greater than if there were no disturbance. 

Elliptic inequality or JEquation of the Centre, 

66. We shall next consider the effect of the first three 
terms together : the effect of the second alone, as a correction 
of ^^, will be discussed in the Historic^ Chapter, Art. (109), 

- - — — -- - • — ■ — ' .... - ... 

* The accurate value was 27d. 71i. 43m. 11*2618. in the year 1801. See 
Art. (99), 
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=pt + 2e sin {cpt — a) -f fe* sin 2 {(^t — a), 

which may be written 

6=pt + 2e&m[pt-{a-\-{l-c)pt}]+i^sm2[pt''{a+{l-c)pt}]. 

But the connexion between the longitude and the time in 
an ellipse described about a centre of force in the focus, is, 
Art. (13), to the second order of small quantities : 

6 = nt+2e sm {nt - a') + f e' sin2(7if - a'), 

where n is the mean motion, e the eccentricity, and a! the 
longitude of the apse.* 

Hence, the terms we are now considering indicate motion 
in an ellipse ; the mean motion being p the eccentricity €, 
and the longitude of the apse a + {l-'c) pt] that is, the 
apse has a progressive motion in longitude, uniform, and 
equal to (1 — c) p, 

67. The two terms 2e sin(cp^— a) + Je* sin 2 {cpt— a) con- 
stitute the elliptic inequality^ and their effect may be further 
illustrated by means of a diagram. 

Let the full line AMB re- 
present the moon's orbit about 
the earth J?, when the time t 
commences, that is, when the 
moon's Tfhemi place is in the prime 
radius EV from which the lon- 
gitudes are reckoned. 

The angle TJE4, the longi- 
tude of the apse, is then a. At the time f, when the moon's 
mean longitude is TEM=rpt^ the apse line will have moved 
in the same direction through the angle AEA' = (1 — c) T-E3f, 

* The epoch e which appears in the expression of Art. (13) is here 
omitted ; a proper assumption for the origin of t, as explained in Art. (34), 
enabling us to avoid the c 
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and the orbit will have taken the position indicated by the 
dotted ellipse ; and the true place of the moon in this orbit, 
so far as these two terms are concerned, will be m, where 

MEm==2e sin(cp«- a) + f^' 8in2 {cpt — a) 

= 2esmJ['JEaf + f e» sln2^'^if 

= 2e sin A' EM {1 + j€ cos A'EM) ; 

which, since e is about -j^j is positive from perigee to apogee, 
and therefore the true place before the mean; and the 
contrary from apogee to perigee: at the apses the places 
will coincide. 

• 68. The angular velocity of the apse is (1 — c) j?, or, if 
for c we put the value found in Art. (48), the velocity will 
be fm'j?. Hence, while the moon describes 860**, the apse 
should describe fm^360'' = lf° nearly, m being about -j^. 

But Hipparchus had found, and all modem observations 
confirm his result, that the motion of the apse is about 2!* in 
each revolution of the moon. See Art. (112). 

This difference arises from our value of c not being repre- 
sented with sufficient accuracy by 1 — fm*. 

Newton himself was aware of this apparent discrepancy 
between his theoiy and observation, and we are led, by his 
own expressions (Scholium to Prop. 35, lib. ill. in the first 
edition of the Principia)^ to conclude that he had got over 
the difficulty. This is rendered highly probable when we 
consider that he had solved a somewhat similar problem 
In the case of the node ; but he has nowhere given a state* 
ment of his method : and Clalraut, to whom we are Indebted 
for the solution, was on the point of publishing a new hy- 
pothesis of the laws of attraction, in order to account for 
it, when it occurred to him to carry the approximations to 
the third order, and he found the next term in the value 
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of c nearly as considerable as the one already obtained. See 
Appendix, Art. (94). 

/. 1 -c = fw*H- ^m' = fm* (1 + 7^m) ; 

.-. (1 - c) 360° = (1 + /xf^) (value found previously) 

= 2f ° nearly, 

thus reconciling theory and observation, and removing what 
had proved a great stumbling-block in the way of all as- 
tronomers.* 

When the value of c is carried to higher orders of ap- 
proximation, the most perfect agreement is obtained. 

The motion of the apse line is considered by Newton 
in his Prindpia^ lib. I., Prop. 66, Cor. 7. 

Evection. 

69. The next term + ^me sin {(2 - 2m - c) ^< - 2/3 + a)} 
in the value of has been named the Evection. We shall 
consider its effect in two different ways. 

Firstly, by itself, as forming a correction on pt, 

=zp+ X£me Bim{{2 - 2m-c) j)«-2/3 + a}. 

Let ]) = pt = moon's mean longitude at time f, 

0= mpt + l3 = sun's , 

a' = (1 — c)p* + a = mean longitude of apse , 

then 
e =j>t + ^me sin [2 {pt - {mpt + ^8)} - {pt - •(l-c)jp«H- a}] 

=p^+ V^sin{2(])- O)-(l)-a')}. 

The effect of this term will therefore be as follows : *//-^L-w At (P 

ixi In syzygies 

=::pt — ^me sin( }) — a') ; 



* See Dr. Wheweirs Bridgewater Treatise, 

F 
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or the true place of the moon will be before or behind the 
mean, according aa the moon, at the same time, is between 
apogee and perigee or between perigee and apogee. 
In quadratures 

0=pt-\' ^mesin(l)-a'), 

and the circumstances will be exactly reversed. 

In both cases, the correction will vanish when the apse 

happens to be in syzygy or quadrature at the same time 

as the moon. 

In intermediate positions, the nature of the correction is 

more complex, but it will always vanish when the sun is 

at the middle point between the moon and the apse, or 

when distant 90' or 180" from it; for if O = ^^-r.90", 

where r = 0, + 1, or 2, 

sin[2(})-G)-(})-a')] = sin(]) + a'-20) 

= sin r. 180° 
= 0. 

70. The other and more usual method of considering 
the effect of this term is in combination with the two terms 
of the elliptic inequality, as follows : 

To determine the change in the position of the apse and in 
the eccentricity, of the moon's orbit produced by the evection. 

Taking the elliptic inequality and the evection together, 
we have 

Q z^pt H- 2e sin (cpt — a) + f e* sin 2 [cpt — a) 

+ i^wie sin{(2 - 2w - c) ^i - 2y8 + a}. 

Let a be the longitude of the apse at time t on supposition 
of uniform progression, 

O sun : 
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whence a' = (l— c)^^ + a, 

0= mpt +fi. 
And the above may be written 

d=^pt+2e sin(cp< — a) + |e' sin2 (cp<— a) 

+ ^me sln{qpe — a + 2(a'— 0)}; 
and the second and fourth terms may be combined into one, 

2E&\n{cpt-a + 8\ 
if E cosS = e + ^mecos2{a' - q)j 

jBsin8= ^?W6 8in2(a' — 0) ; 

. . . ym sin2(a^~0) t^S 

whence tan 8 = -t-ttr K/' — T^i j ^ fr 

1 + ^m C082 (a — 0) ' c 

ir^ = e» {1 + t£m cos2 (a' - e)Y + ^{^m 8in2 (a'-0)}*; 

or, approximately, 

S=V»i8in2(a'-0), 

-5=6 {1 + V«i cos2 (a'- ©)}. 

The term J«* sin2 (cp^— a) will, therefore, to the second 
order, be expressed by 

fjE*sin2((y^-a + S), 

and the longitude becomes 

0=2?^ + 2£ sm(cp«-a + 8) + fiST' sin2 (cp^- a + S), 

or e=pt + 2E sin(^«- a' + 8) + f J?" sin2 {pt- a' + 8) ; 

but the last two terms constitute elliptic inequality in an orbit • 
whose eccentricity is E and longitude of the apse a' - 8 ; 
therefore the evection, taken in conjunction with elliptic in- 
equality, has the effect of rendering the eccentricity of the 
moon's orbit variable, increasing it by ^me when the apse- 
line is in syzygy, and diminishing it by the same quantity 
when the apse-line is in quadrature; the general expression 
for the increment being ^me cos2 (a' — ©)• 

F2 
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And another effect of this term is, to dunlnish the lon- 
gitude of the apse, calculated on the supposition of its uniform 
progression, by the quantity 8= i^m sin2 (a'— 0) ; so that 
the apse is behind its mean place from syzygy to quad- 
rature, and before it from quadrature to syzygy.* 

The cycle of these changes will evidently be completed 
in the period of half a revolution of the sun with respect 
to the apse, or in about ^ of a year. 

71. The period of the evection itself, considered indepen- 
dently of its effect on the orbit, is the time in which the 
argument (2 — 2w — c) ^^ — 2^ + a will increase by 27r. 

Therefore period of evection 

27r mean sidereal month 

(2 — 2w — c) p 2 — 2m — c 

mean sidereal month 274 days , 

= l-2m + K i^' °^^y» 

= 31|f days, nearly .f 

Newton has considered the evection, so far as it arises 
from the central disturbing force, in Prop. 66, Cor. 9 of 
the Pnncipia, 

Variation, 

72. To explain the physical meaning of the term 

Vm" sin {(2 - 2m) pt - 2/8}, 



* The change of eccentricity and the variation in the motion of the apse 
follow the Bame law as the abscissa and ordinate of an ellipse referred to 
its centre : toxME — es^x and ^ = y, then 



t The acurate value is 31.8119 days. 
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in the eaypression for the moorHs Jxyngiiude. 

B^pt +^m^ sin {(2 - 2m) pt - 2y8}. 
Let ]) represent the moon's mean longitude at time f, 

sun's , 

therefore ]) =^*, 

and the value of Q becomes 

fl=p«+ Vw* sin2 (J- 0), 

which shews that from syzygy to quadrature, the moon's 
true place is before the mean, and behind it from quad- 
rature to syzygy; the maximum difference being ^w* in 
the octants. 

The angular velocity of the moon, so far as this term 
is concerned, is 

^=^+ V (1-'^) wi!p cos2(})-o), 
—P {1 + V^* ^^^ ( ]) ~ o)}) nearly, 

r 

which exceeds the mean angular velocity p at syzygies, is 
equal to it in the octants, and less in the quadratures. 

This inequality has been called the Variation^ its period 
is the time in which the argument (2 — 2w)^^ — 2y8 will 
increase by 27r ; i^r 

.,«.,. 27r mean synodical month Tk^Tui^J 
.•. period of variation = ,- — -— t — = — '^^ ^ ' n- 

^ {2^2m)p 2 ^ ^^^ 

= 14f days, nearly.* ^ ' .^ ^ z^ 

73. The quantity y m* is only the first term of an endless / 

series which constitutes the coefficient of the variation, the 
other terms being obtained by carrying the approximation 

* The accurate value is 14.766294 days. 
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to a higher order. It is then found that the next term In 
the coefficient is i^im^. which is about A of the first term ; 
and as there are ^vJral other import^t terms, it is oid^ 
by carrying the approximation to a higher order (the 5th 
at least) that the value of this coefficient can be obtained 
with sufficient accuracy from theory. In fact, Vm* would 
give a coefficient of 28' 32'' only; whereas the accurate value 
is found to be 39' 30". 

The same remark applies also to the coefficients of aD 
the other terms. 

74. As far as terms of the second order, the coefficient 
of the variation is independent of e the eccentricity, and k 
the inclination of the orbit. It would therefore be the same 
in an orbit originally circular, whose plane coincided with 
the plane of the ecliptic: it is thus that Newton has con- 
sidered it. IMncip. Prop. 66, Cor. 3, 4, and 5. 

Anntial EqticUian, 

75. To eocplain the physical meaninff of the term 

— 3W mi{mpt + fi^^ 
in the eaypressionfor the moorCs longitude. 
d=pt—Zme* sin(wp^ + )8 — f), 

^pt — 3W sin (longitude of sun - longitude of sun's perigee),. 

=:pt— Sme' sin (sun's anomaly). 

Hence, while the sun moves from perigee to apogee, 
the true place of the moon will be behind the mean; and 
from apogee to perigee, before it. The period being an 
anomalistic year, the effect is called Anntial Equation. 

Differentiating we get 

-- =^ {1 — 3mV cos (sun's anomaly)}. 
at 
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Hence, so far as this inequality is concerned, the moon's 
angular velocity is least when the snn is in perigee, that 
is at preserU about the 1st of January, and greatest when 
the sun is in apogee, or aHout the 1st of July. 

The annual equation is, to this order, independent of the 
eccentricity and inclination of the moon's orbit, and therefore, 
like the variation, would be the same in an orbit originally 
circular. Vide Newton, iHwctjpm, Prop. 66, Cor. 6. 

RediLction. 

76. Before considering the effect of the term 

- jsin2(ap^-7), 

which, as we shall see Art. (82), is very nearly equal to 
the difference between the longitude in the orbit and the 
longitude in the ecliptic, it will be convenient to examine 
the expression for the latitude of the moon, and to see how 
the motion of the node is connected with the value of ^. 

LATITUDE OF THE MOON. 

77. The expression found for the tangent of the latitude,* 
Art (49), is 

« = A;sin(5re-7) + S7it^sin{(2-2w-5r) ©-2)8 + 7}. 

If we reject all small terms, we have 

5 = 0, 

or the orl^it of the moon coinciding with the ecliptic, which 
is a first rough approximation to its true position. 



* This expression for the tangent of the latitude is more convenient than 
that which gives it in terms of the mean longitude, Art. (53) on account of 
the less number of terms involved. See Font6coulant, vol. iv., p. 630. 
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78. Taking the first term of the expansion 

8 = h sin (^6 — 7), 
we may write it 

« = ^8in[5-{7-(5r-l)0}l. 

Let TNm be the ecliptic, JV the 
moon's node when her true longitude ^ 
is zero, and let M be the position 
of the moon at time t^ m her place 
referred to. the ecliptic; 

therefore TN=^y^ Tm = 0, ism Mm = 8. 

Take NN' = [g — i) ^ in a retrograde direction, and join 
MN' by an arc of great circle ; 

then sin N'm = tan Mm cot MN'm^ 

or sin[0 — {7 — (5^ — 1) ^}] = 8 coiMN'm ; 

which, compared with the value of 8 given above, shews that 
MN'm = tsjT^k is constant, and therefore the term k sin(^d — 7) 
indicates that the moon moves in an orbit inclined at an 
angle toiT^k to the ecliptic, and whose node regredes along 

the ecliptic with the velocity {g—l) -r, or with a mean 

velocity [g — 1) p. 

79. Hence the period of a revolution of the nodes 
_ 27r _ one sidereal month 

but, from Art. (49), the value of ^r = 1 + |m' ; 

,, « .11. 1 .. /.I one sidereal month 
therefore penod of revolution of nodes = r— 5 

= 6511 days, nearly. 

This will, for the same reason as in the case of the apse, 
Art. (68), be modified when we carry the approximation 
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to a higher degree ; this value of g is, however, much more 
accurate than the corresponding value of c, for the third 
term of g is small ; the value to the third order being (see 
Appendix, Art. 95) 

, . . 1 /. , . p .1 1 one sidereal month 

and the period of revolution of the nodes = 5—571 — 5 — \ — 

^ \rnr[\-%m) 

= 6705 days, nearly. 

This is not far from the accurate value as given by ob- 
servation, and when the approximation to the value of g 
is carried to a higher order, the agreement is nearly perfect. 

The true value is 6793*39 days, that is about 18 yrs., 7 mo. 



Evectton in Latitude. 

80. To explain the variation of the inclination and the ir^ 
regularity in the motion of the node expressed hy the term 

+ f wA; sin {(2 - 2m - ^r) 0-2)8-f 7}. 

This term, as a correction on the preceding, is analogous 
to the evection as a correction on the elliptic inequality. 
Taking the two terms together, 

s^k ^m[gd -'^) -{- ^mh mi{{^ -2m- g) ^-2^ + 7}. 

Let 5 = longitude of moon = 0, 

= sun =mO'\-^y 

9> = node =7- (g-l) 0] 

therefore s = k sin(l)— Si)-f |wAj sin{})— SJ — 2(o — Q^)}. 
Now these two terms may be combined into one 
5 = ^sin(])-a-S), 
if KcoBB = k-f ^mk cos2(o — S^), 
irsin8= f7w7/sin2(0-a), 
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Whence tanS t^«^(^"S^) 
whence taii6-^^^^^^2^^^^j, 

or approximately, 

S = fmsm2(o-a), 
Z^=*{l + Smco82(o-a)}; 

but the equation 

represents motion in an orbit inclined at an angle tan'^jS* to 
the ecliptic, and the longitude of whose node is ^ + S. 

This term has therefore the following effects : 

1st. The inclination of the moon's orbit is variable, its 
tangent increases by ^mk when the nodes are in syzygies, 
and decreases by the same quantity when they are in 
quadrature; the general expression for the increase being 
fwA;cos2(0-a). 

2nd. The longitude of the node, calculated on supposition 
of a imiform regression, is increased by S = |m Bin2(0 — ^), 
so that the node is before its mean place while moving from 
syzygy to quadrature and behind it from quadrature to 
syzygy. Principia^ book III., props. 33 and 35. 

The cycle of these changes will be completed in the 
period of half a revolution of the sun with respect to the 
node, that is, in 173*21 days, not quite half-a-year. 

81. The tangent of the latitude has here been obtained ; 

if we wish to have the latitude itself it wiU be given by the 

formula . 

latitude = « - J»' + K - &c., 

which, to the degree of approximatioip adopted, will clearly 
be the same as a. 
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Bediictton. 

82. We may now consider the term which we had neg- 
lected (Art. 76) in the expression for the longitude, namely, 

— ^A* sin2 [gpt — 7). 

Let N be the position of the node when the moon's 
longitude is 5, 2f the place of the 
moon, m the place referred to the 
ecliptic. 

Therefore Tm = 6^ _ 

Nm^gd — *^^ 
tan-&r= Je. 
The right-angled spherical triangle NMm gives 

taujNw 




therefore 



1 — cos-Sr__ tan-W3f — tan^m 
1 + cos-^T "" tan^Jf + tan^wi ' 



,N_ sm{NM^Nm) 
^^ 2 ^sm{NM+Nm)' 

or, since both ^and NM—Nm are small, 

-J 

tan"JV NM-Nm . , , 

-4-= sin2Nm ^Vfroj^'^telji 

therefore JVlf— -Nm=^yt*sin2(^5— 7)=JA:*sin2(gp<— 7), nearly. 

Hence this term, which is called the reducttorij is approxi- 
mately the difference between the longitude in the orbit and 
the longitude in the ecliptic. 
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RADIUS VECTOR. 

83. To explain the physical meaning of the terms in the 
value of. u. 

We shall, for the explanation, make use of the formula 
which gives the value of u in terms of the true longitude, 
Art. (48). 

Firstly, neglecting the periodical terms, we have for the 

mean value 

M = a (1 — fife* -- ^m'). 

The term - \m\ which is a consequence of the disturbing 
effect of the sun, shews that the mean value of the moon's 
radius vector, and therefore the orbit itself, is larger than if 
there were no disturbance. 

Elliptic Ineguality. 

84. To explain the effect of the term of the^r** order^ 

?* = a {1 + e cos(ctf — a)}, 

= a [1 +6 cos^-{a + (l-c)5}]. 

This is the elliptic inequality^ and indicates ^motion- in an 
ellipse whose eccentricity is e and longitude of the apse 
a + (1 — c) ^ ; and the same conclusion is drawn with respect 
to the motion of the apse as in Art. (66). 

Evection. 

85. To eocplain the physical meaning of the term 

^Tnea cos {(2 - 2w - c) ^ ~ 2^8 + a}. 

This, as in the case of the corresponding term in the longi- 
tude, is best considered in connexion with the elliptic in- 
equality, and exactly the same results will follow. 
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Thus calling J, 0, and a' the true longitudes of the moon, 
sun, and apse, the latter calculated on supposition of uniform 
motion, these two terms may be written, 

u = a[l + e cos( J — a') + ^me cos{ J — a' + 2 [a - o)}] 

= a[l + ^cos(l)-a' + S)]; 

where ^ cosS = e + ^me cos2 (a' — o), 

-E sinS = ^me sin2 (a' - O). 

These are identical with the equations of Art. (70). 

Variation. 

86. To eocplain the effect of the term m^acos{{2''2m) 0—2 fi}^ 

% = a [1 + m* cos{(2 - 2m) - 2^}] 
= a [1 +m* cos2( J - o)]. 

As far as this term is concerned, the moon's orbit would 
be an oval having its longest diameter in quadratures and 
least in syzygies. Principia^ lib. I., prop. 66, cor. 4. 

The ratio of the axes of the oval orbit will be 

5j = 1^ nearly, m being '0748, 

See Principiay lib. III., prop. 28. 

Reduction. 

87. The last important periodical term in the value of u is 

-.^cos2(gre-7). 

This, when increased by a conatanty is approximately the 
difference between the values of t^ in the orbit and in the 
ecliptic. 
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For if Wj be the reciprocal of the value of the radius 
vector in the orbit, 

u^ = u cos (latitude), 

" V(TT?) "^ ^^ - iO, nearly, 
therefore w — w^ = ^iw* = ^ak^ sin* {pO — 7) 

= ioA" - {ai? coB2{jg0 - 7) 
= const. — JoA* cos 2 {gO — 7). 

88. The remaining terms in the value of u are of the 
third order, and therefore very small: one of these corre- 
sponds to the annual equation in longitude Art. (75), where 
it is of the second order, having increased in the course of 
integration. 

Periodic time of the Moon, 

89. We have seen. Art. (65), that the periodic time of 
the moon is greater than if there were no disturbing force ; 
but this refers to the mean periodic time estimated on an 
interval of a great number of years, so that the circular 
functions in the expression are then extremely small com- 
pared with the quantity pt which has uniformly increased. 

When, however, we consider only a few revolutions, these 
terms may not all be neglected. The elliptic inequality and 
the evection go through their values in about a month, the 
variation and reduction in about half-a-month ; their effects, 
therefore, on the length of the period can scarcely be con- 
sidered, as they wUl increase one portion and then decrease 
another of the same month. 

But the annual equation takes one year to go through its 
cycle, and, during this time, the moon has described thirteen 
revolutions; hence, fluctuations may, and, as we shall now 



f 
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shew, do take place in the lengths of the sidereal months 
during the year. 

We have, considering only the annual equation, Art. (75), 

Let T be the length of the period, then when is in- 
creased by 27r, t becomes f + T; 

therefore p («+ T) = 27r + ^ + 3W 8in(2w7r + «itf + i8- ?), 

whence J>T= 2^ + 6W sinmTr cos(ww + m0 + )8 — 5") ; 

therefore T= mean period -\ sinmTr cos ( O — f ), 

where = m5 + )8 + w7r = sun's longitude at the beginning 

of the month + witt 

= sun's longitude at the middle of the month. 

Hence T will be longest when o — f = 0, 

and shortest when O — 5"= ir ; 

or Twill be longest when the sun at the middle of the month 
is in perigee, and shortest when in apogee ; but, at present, 
the sun is in perigee about the 1st of January, and apogee 
about the 1st of July ; therefore, owing to anniuil eqiuxtiouj 
the winter months wiU be longer than the summer months, 
the diflFerence between a sidereal month in January and July, 
from this cause, being about 20 minutes. 

90. All the inequalities or equations, which our expres- 
sions contain, have thus received a physical interpretation. 
They were the only ones known before Newton had estab- 
lished his theory, but the necessity for such corrections was 
fully recognized, and the values of the coefficients had already 
been pretty accurately determined; still, with the exception 
of the reduction, which is geometrically necessary, they were 
corrections empirically made, and it was scarcely to be ex- 
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pected that any but the larger inequalities^ viz. those of the 
first and second orders which we have here discussed, could 
be detected by observation: we find, however, that three 
others have, since ^Newton's time, been indicated by obser- 
vation before theory had explained their cause. These are — 
the ^ecfvUar acceleration^ discovered by Halley ; an inequality, 
found by Mayer, in the longitude of the moon, and of which 
the longitude of the ascending node is the ailment; and 
finally an inequality discovered by Biirg, which has only of 
late years obtained a solution. For a fiirther account of 
these, as also of some other inequalities which theory has 
made known, see Appendix, Arts. (99), (100), (101), (102). 
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CHAPTER VII. 



APPENDIX. 



In this chapter will be found collected a few propositions 
intimately connected with the results or the processes of the 
Lunar Theory as explained in the previous pages. Refer- 
ence has been made to some of them in the course of the 
work, and the interest and importance of the others are 
sufficient to justify their introduction here. 

91. The moon is retained in her orbit by the f<yrce of 
gravity^ that is^ by the same force which acts on bodies at 
the surface of the earth. 

The proof of this is merely a numerical verification ; the 
data required from observation are, 

the space fallen through from rest in 1" by bodies at the 
earth's surface =16*1 feet, 

the radius of the earth =4000 mites, 

the periodic time of the moon =27^ days, 

the distance of the moon from the earth's centre=60x4000 miles. 

4 

The force of the earth's attraction oc tjt— v- . Therefore, the 

(dist.)^ ' 

space fallen through in 1" at distance of moon by a body 

16'1 
moving from rest under the earth's action = r^ feet 

= -00447 feet. 
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27r 

But the moon In one second describes an ansrle — z v=o>^ 

S 27^.24.60" ' 

during which the approach to the earth 

= 60 X 4000 X 5280 (vers. ©) feet 

• _ 60 X 4000 X 5280.27r" . 
"■ (27J)^(24)^(60)* * 

= -00448 feet. 

Therefore, the space through which the moon is deflected 
in one second from her straight path, is just the quantity 
through which she would fall towards the earth, supposing 
her to be subject to the earth's attraction, and we may, 
therefore, conclude that she is retained in her orbit by the 
force of gravity. 

When first Newton, in 1666, attempted to verify this 
result, he found a diflFerence between the two values equal 
to one-sixth of the less: the reason of his failure was the 
incorrect measures of the earth, which he made use of in 
his computation; and it was not till about 16 years later 
that he was led to the true result, by using the more 
correct value of the earth's radius obtained by Picart. 

Principia^ lib. III., prop. 4. 

92. The moon's orbit i» everywhere concave to the sun. 
Let 8^ Ey and M be the centres of the sun, earth, and 
moon. We must bring the sun 
to rest by applying to each 

body forces equal and opposite * ^ 

to those which act on the sun; but these are so small that 
we may neglect them and consider the moon as moving 
round the sun fixed, and disturbed by the earth alone. 

The forces on Jf are, therefore, -tttts in MS. 

and ^ni^ inJ/iE 
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This last mast be resolved into two, one in M8y the other 
perpendicular to it. 

Therefore, the whole central force on the ihoon in M8 

^' E ,, 



and the proposition will be proved if we shew that this force 
is always positive. 

JNow, penod round sun = - ,, — = ^r — nearly* 

, ^, 2ir.EM^ 

^^* ^^^^^ =(^TS)*^ 

therefore ^ =» j J^ -^^ nearly ; 

therefore -g^^ > y J^ -j^, , 

m' 8M E E 

SM*^'^*^ EM'EM'^^^^ EM*' 

therefore ~Qln ~~ Wm^ ^ positive : 

but the least value of the central force corresponds to 

m! E 

cosJlf= — I, and is then -qirn "^ /^i/« ■ I^ ^ therefore, 

always positive, or the path always concave to the sun. 

At new moon the force with which the moon tends to the 
sun is, therefore, greater than that with which she tends to 
the earth: the earth being itself in motion in the same 
direction, and, at that instant, with greater velocity, will 
easily explain how, notwithstanding this, the moon still 
revolves about it. 

G2 
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Central and Tangential Disturbing Forces. 

93. We have hitherto considered the effects of the central 
and tangential disturbing forces in combination; but it will 
be interesting to determine to which of them the several in- 
equalities principally owe their existence. 

(1) To determine the effect of the central disturbing force. 
Make T=0: 

therefore -j^ 4 w — 7T-5 = 0, 

a(r hu 

p 
or substitutmg for tti ^^^ -^^t. (45), 

f i-.|i»_^wi'H-f m*e cos(cl?-a)-f m* cos{ (2-2^)5-2/3} 
+ fw''e cos{(2- 2m-a) 5-2/8 + a} 
+ %¥ cos2 (5^5-7)- fwV co8(w5+/9-?) ; 
therefore, 

fl-p"-im"+eco8(c5-a)+iw* cos {(2-2^)5-2/3} 
u=al +3^eco8{(2-2w-c)5-2/3 + a} 

[ -i*' C082(5r5-7)-fwV cos(7ii5+/3-?). 

If we compare this with the value of u found Art. (48), we 
see that the elliptic inequality, the reduction, and the annual 
equation are due to the central or radial force, as also one 
half of the variation and about a third of the evection. 

It would perhaps be proper to separate the absolute cen- 
tral force from the central disturbing force; the terms due 
to the latter are those which contain m ; therefore, the elliptic 
inequality and the reduction are the effects of the former, 
except that in the elliptic inequality the introduction of 0, or 
the motion of the apse, is due to the disturbing^ force. 

(2) To determine the effect of the tangential disturbing force. 
Jjet the central disturbing force be zero ; 



/: 



d' 
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Pa 

then TF^ ~ I^ (^ ■" t^'*) ~ ^ neglecting the Inclination, 

^s = -fm» sln{(2-2m) 0^ 2/3} 

+ 3w^e sin {(2 - 2w - c) 5- 2)8 + a} 
omitting the term of the fourth order, 

u = a{l-\- e cos(c^— a)} ; 

/Tf 7 

therefore jts jZ = f^'«« eos {(2 - 2m - c) tf — 2^ + a}, 

— rftf = l^'^ cos {(2 - 2w) (? - 2/3} 

- 3m^e cos{(2 - 2w - c) tf - 2/8 + a}, 

-— + % = a to the first order. 
at/ 

Substituting these values In the diflTerential equation 

du ^ fd\ \ f T j^ 

_ ri - f w*' cos {{2 -2m) 6- 2/8} 
""^t + V^"«cos{(2-2m-c)tf-2/3 + a}; 
, « Jl + ^ cos(ctf - a) + \m^ cos{(2 - 2m) tf - 2/8} 

1 +fJweco8{(2--2w-o)tf-2/8 + a}. 

We have here the remaining half of the variation and rather 
more than two-thirds of the evection as the efifects of the 
tangential disturbance. Also c=l, or, to the second order, 
the tangential force has no eflFect on the Aaotion of the apse. 

The inequalities In the longitude could be easily obtained 
from the relation 

di 1 

de ~ TT7~TrT''~^' 



d^u F T du , /d'u 

V 



def^^~ h\* ¥-' 



*"" {' + Ife '^^) 



but they would lead to the very same conclusions as the 
discussion of the values of u. 
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To calculate the value of c to the third order, 

94. We must here make use of the results which the 
approximations to the second order have furnished; but as 
the value of o is determined by that term of the differential 
equation whose argument is. c5 — ot, we need only consider 
those terms which by their combinations will lead to it with- 
out rising to a higher order than the fourth. 

We shall simplify the arguments by omitting 0^ a, iS, 
i^^ich can easily be supplied by remarking that cd—a and 
md + /8 always enter as one symbol, c and m will therefore 
be sufficient to distinguish them. This only applies to the 
ar&niments. 
^e have, Arts. (48), (23), 

t£ = a{l+6 coi8(c)+w* cos(2 — 2m)+ ^mecos(2— 2w — c)}, 

P a* 

^ = a-,iw*-8{l + 3cos(2-2w.)}, 

rp 4 

pjp= -fwi"-isin(2-2m). 

From these, we obtain 

p 

T5-8 = « -- i^'« {1 + 3 cos(2 - 2m)} {1 - Be cos(c) 

+ — ^me cos(2 — 2r/i- c)] 

= a + fw'oe cos(c) + ^^m^as cose), 

T 

V5-3 = — fw* 8in(2 — 2w) {1-46 cos (c) —4m* cos (2 — 2m) 

— ^me cos(2 — 2m — c)} 
= - f m' sin(2-2m) +3m*e sin(2- 2m- c) + ^m'e sin(c), 

^^ ^={-|m^sin(2-2m)} {- ^mas sin(2-2m-c)} 

+. {3m'6 sin (2 -- 2m - c) } {- 2m*« sin (2 - 2m)} : 
= ||m"a€ cos(c), 
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the other term is of the fifth order, 

r T 

iYj-grfiff = fm" cos(2-2m)-- Zm^e cos(2-2w-c) - ^m\ C08(c), 
-=^^ + w)=2a{l4...-3wi"cos(2-2w)+ V*^*ecos(2-2w-c)}; \ 

•therefore 2 {'^ + '^] \t^^^— -• Y*^*^ cos(c). 

Substituting in the equation for m, 
d^u P T du ^fd^u 



+ w = 



du ^ [d% \ fT ,^ 



= a{l + (|w*e+ ^m^e) cos(c) +...}. 

Assume i^ = a{l+e cos(c)4-...} ; 

therefore ae (1 - c^) = (f m'e + V^m'e) a ; 

therefore c = l-fw'-^w'. 



To find the value of ^ to the third order. 

95. This is to be obtained in a very similar manner from 
the equation -^^ + 5 = &c. We shall, m the argument, write 

giorgd-r^. 

8=^h {fAxi{g) + |w sin (2 — 2we — jr)}, 

T 3»»V . ,„ ^ . 
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Whence 

h u 

= -fw%(l-^m) 8in(5F), 

da 

-j^ — Jc co&{g)'{-^mk cos (2 - 2wi - ^r) ; 

T da 
therefore p^ ^ = - ^^^^ sin (gr), 

-— + fi = terms of the third order ; 

-^ + ^ ) Itts ^^ = ^> *^ *t® fourth order. 

Now, _ + . = -_. -^--2^^ + .jJ^.rfd 

= -fm%(l-^^-TV^) sin(5p). 
Assume « = A; sin(^) ; 

therefore Jfe(l-'5^) = — |m% + ^w%, 

96. Hence, to the third order of approximation, 

mean motion of apse _ 1 — c _ f m* + ^m^ _ ^ + "^^^ 
mean motion of node " g — l~ |w* — -^m^ "" 8 — 3w ' 

and wnce rn = r^ nearly, we see that the moon's apse pro- 
gredes nearly twice as fast as the node regredes. 

In the case of one of Jupiter's satellites, m is extremely 
small, for the periodic time round Jupiter is only a few of 
our days, and the periodic time of Jupiter round the sun 
is 12 of our years, and therefore iw, the ratio of these periods, 
is very small. 

Hence, the apse of one of Jupiter's satellites progredes 
along Jupiter's ecliptic, with pretty nearly the same velocity 
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as the node regredes, assuming these n^otions to be due to 
the sun's disturbing force; they are, however, principally 
due to the oblateness of the planet. 

Parallactic Ineqaaltty. 

97. In carrying on the approximations to a higher order, 
it is found, as we stated Art. (55), that the expressions for 

Ta-j and 77-a coutaiu the terms — J«i*a -^i — tj^ — cos(0- 6'\ 

AV AV ^ E^- Ma ^ ^' 

E—M d , . ' 

and — %vf^ ^ — jjj- — sin (5 — ff) respectively. 

a 
Since - = ^^^, nearly, is of the second order, these terms 
a 

are of the fourth order, but the coefficient of being near 

unity, they will become important in u^ and therefore in 0y 

Art. (27). 

We can easily obtain the terms to which they give rise 

in the values of u and 0, 

A&= -K|^^sin{(l-m)^-^), 



u 



= a{l- e cos{c6 — a) + }, 



-^ = ae sm(cr — a) ; 

therefore 

TTj-a -77, = 0, to the fourth order, 
A V d0 ' ' 

-— + M = a, to the second order, 
j£'^'= +K|=^^cos{(1-«.)^-^}. 
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Substituting in the differential equation for u^ we get 

^ + M=a|^l+ -i^w'-^— ^--co8{(l-w)^-/3}+...J . 



Assume w=a 1-f +A ^ ^ —cos{(l— m)^— )8}+.*» ; 

therefore A s= , — 7^^^^ rs = — -f {^m ; 

1 — (1 — m) ^ " ' 

therefore w=a 1+ — if^^* — 1>— cos{(l— «i)d— )8}+... . 



= iS? (^ "/jiv '^^) ' 



98. The corresponding term in the value of 6 will also 
be of the third order, 

dt 
dd 

-« = ^[1+ •+'V'»;g7j0^-cos{(l-m)O-^} + J, 

I Ts,- 8 ^^ is of tl^^ fourth order and will not rise in ty 
therefore 

59 =^ L + ■" ^^ ^T:^ « cos{(l- m) e-/3K...J , 

^=^[e+ + V^;|^^'sin{(l-7n)^-/3}4-...], 

and = j?^ + "^'"^'^ — Iff"" sin{(l — w)^^— /3}+... 

This term, whose argument is the angular distance of the 
sun and moon, is called the parallactic inequality on account 
of its use in the determination of the sun's parallax, to 
which purpose it was first applied by Mayer by comparing 
the analytical expression of this coefficient with its value 
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as dedaced from observation. The values of m and of ^, 

and therefore, of -p — p. being pretty accurately known, — 

will be determined, that is, the ratio of the sun's parallax 
to that of the moon : but the moon's parallax is well known ; 
therefore, also, that of the sun can be calculated. The value 
so obtained for the sun's parallax is 8*63221", while those 
given by the two last transits of Venus fall between 8'5" 
and 8-7" * 



Secular Acceleratian. 

99. Halley, by the comparison of ancient and modem 
eclipses, found that the moon's mean revolution is now per- 
formed in a shorter time than at the epoch of the recorded 
Chaldean and Babylonian eclipses. The explanation of this 
phenomenon, called the secular acceleration of the moon^s mean 
motion^ was for a long time unknown: it was at last satis- 
factorily given by Laplace. 

The value of ^, Art. (50), on which the length of the 
mean period depends, is found, when the approximation is 
carried to a higher order, to contain the quantity e' the 
eccentricity of the earth's orbit. Now, this eccentricity is 
undergoing a slow but continual change from the action of 
the planets, and therefore p, as deduced from observations 
made in different centuries, will have different values. 

The value of p is at present increasing, or the mean 
motion is being accelerated, and it will continue thus to in- 
crease for a period of immense, but not infinite duration; 
for, as shewn by Lagrange, the actions of the planets on 
the eccentricity of the earth's orbit will be ultimately re- 

* Font^OTilant, Systime du Monde, vol iv. p. 606, 
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versed, e will cease to diminish and begin to increase, and 
consequently p will begin to decrease, and the secular ao- 
cfleration will become a secular retardation. 

It is worthy of remark that the action of the planets on 
the moon, thus transmitted through the earth's orbit, is more 
considerable than their direct action. 

Inequalities depending on the Figure of the Earth. 

100. The earth, not being a perfect sphere, will not at- 
tract as if the whole of its mass were collected at Its centre : 
hence, some correction must be introduced to take into ac- 
count this want of sphericity, and some relation must exist 
between the oblateness and the disturbance it produces. 
Laplace in examining its effect found that it satisfactorily 
explained the introduction of a term in the longitude of the 
moon, which Mayer had discovered by observation, and the 
argument of which is the true longitude of the moon's as- 
cending node. 

By a comparison of the observed and theoretical values 
of the coefficient of this term, we may determine the ob- 
lateness of the earth with as great accuracy as by actual 
measures on the surface. 

101. By pursuing his investigations, with reference to 
the oblateness, in the expression for the moon's latitude, 
Laplace found that it would there give rise to a term in 
which the argument was the true longitude of the moon. 

This term, which was unsuspected before, will also serve 
to determine the earth's oblateness, and the agreement with 
the result of the preceding is almost perfect, giving the 
compression ^i^,* which is about a mean between the dif- 
ferent values obtained by other methods. 

* Poiit6coulant, Systime du Monde, vol. it. 
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Perturbations due to Venus. 



102. After the expression for the moon's longitude had 
been obtained by theory, it was found that there was still 
a slight deviation between her calculated and observed places, 
and Blirg, who discovered it by a discussion of the observa- 
tions of Lahire, Flamsteed, Bradley, and Maskelyne, thought 
if could be represented by an inequality whose period would 
be 184 years and coefficient 15". This was entirely con- 
jectural, and though several attempts were made, it was not 
accounted' for by theory. 

About 1848, Professor Hansen, of Seeberg, in Gotha, 
having commenced a revision of the Lunar Theory, found 
two terms, which had hitherto been neglected, due to the 
action of Venus. One of them is direct and arises from 
a ^remarkable numerical relation between the anomalistic 
^motions of the moon and the sidereal motions of Venus 
^ and the earth ; the other is an indirect effect of an inequality 
*of long period in the motions of Venus and the earth, 

* which was discovered some years ago by the Astronomer 

* Koyal.'* 

The periods of these two inequalities are extremely long, 
one being 273 and the other 239 years, and their coefficients 
are respectively 27*4" and 23*2". 'These are considerable 
^ quantities in comparison with some of the inequalities already 
'recognised in the moon's motion, and, when applied, they 
*are found to account for the chief, indeed the only re- 
' maining, empirical portion of the moon's motion in longitude 
' of any consequence ; so that their discovery may be con- 
'sidered as a practical completion of the Lunar Theory, 



* lieport to the Annual General Meeting of the Royal Astronomical 
Society, Feb. 11, 1848. 
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' at least for the present astronomical age, and as establishing 
^ the entire dominion of the Newtonian Theory and its ana- 
* lytical application over that refractory satellite.'* 

Motion of the Ecliptic. 

103. We have seen, Art. (14), that our plane of reference 
is not a fixed plane, but its change of position is so slow 
that we have been able to neglect it, and it is only when 
the approximation is carried to a higher order, that the 
necessity arises for taking account of its motion. 

It has been found to have an angular velocity, about an 
axis in its own plane, of 48" in a century, and the correction 
thus introduced produces in the latitude of the moon a term 

— c« cos(5 — ^), 

1 
where « is the angular velocity of the ecliptic, - the angular 

c 

velocity with which the ascending node of the moon's orbit 

recedes from the instantaneous axis about which the ecliptic 

rotates, ^ the longitude of this axis at time ^, and the 

longitude of the moon at the same instant. 

Of/ 




Let TAm be the position of the ecliptic at time ^, 

A the point about which it is turning, fA ^ <f>j 
MN the moon's orbit, ilf the moon, and Mm a perpen- 
dicular to the ecliptic ; Tm = 6 ; Mm = lat. = y8. 
i the inclination of the orbit, and N the longi- 
tude of the node. 

* Address of Sir John Herschel to the Meeting of the Koyal Astro- 
nomical Society. 
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Let APN'm! be the ecliptic after a time Bt. 
Any point whose longitude is L may be considered as 
moving perpendicularly to the ecliptic with a velocity 

w 8in(i/ — ^). 

Hence, the point N will move in the direction NP with 
a velocity w sin(-W— ^). And N' will move along Plf with 
a velocity to sin (-AT— ^) cott'; 

dN 
therefore -^ = o) sin(-N'— (j)) coti. 

Again, the point of the ecUptic 90* in advance of N^ 
will move towards the moon's orbit with a velocity 

CO sin (90 + JV^- <^) ; 

di 
therefore -^ = — © cos (-??'— ^) . 

Now, cott, G>, and t = — ^^7 ^ considered con- 

Cbv C 

stant in integrating ; 

therefore SN= ccd cos(^— 0) cott, 

Si = cft) sin(jV— ^), 
and if NM= '^, we have 

dylr = . = ; — ; COSfiV — (b). 

^ cost smt ^ ' 

Now, sin/8 = sint. sin -^j 

cos^ . 8)3 = cost . sin-^ . Bi + sint'. cos-^ . 8-^ 

= 00 {cosi sin*^ sin(^— ^) — cos-^ cos(^— ^)}, 

but cosi.sin'^ = cos^ sin(5— ^ and cos-^ = cosyS cos(^— ^ : 

therefore 5)8 = — cod cos {0 — (f>). 

The discovery of this term is due to Professor Hansen ; 
its coefficient is extremely small, about 1*5"; but, being of 
a totally different nature from those due to successive ap- 
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proximatlons, It was thought desirable to examine it, and 
the above investigation, which was communicated to me by 
J. C. Adams, Esq.,* will be read with interest on account 
of its elegance. 

With respect to the foregoing investigation, perhaps the following 

remarks will not be superfluous: — The value of -^ is not the actual 

velocity of N^ but its velocity relatively to the position of the node 

as determined when the motion of the ecliptic is neglected ; its integral 

is therefore IN the change of lonfitude, due to this motion, and in 

this integration no constant is added, zero being taken for the mean 

dN 
value. The periodic forms of both — and IN shew that they oscillate 

about mean values, the time of a complete oscillation being that required 
by sin(iV-0) and cos(iV-0) to go through their cycle. This relative 
motion of the node is analogous to that of a particle moving in a straight 
line under the action of a force varying directly as the distance. 

Similar remarks apply to the inclination. 

It must also be borne in mind that the result obtained l^ is not 
the difference between the latitude referred to the actual ecliptic and 
that referred to a fixed plane ; but is the difierence between the calcu- 
lated latitude referred to the actual ecliptic on supposition of its being 
fixed, and the correct latitude referred to the same actual ecliptic when 
its motion is taken into account. 

We may obtain an approximate value of the coefficient 

Cft) by substituting for it -- , where a is the number of seconds 

through which the ecliptic is deflected in one year 3:0*48", 
and n is the number of years in which the node of the moon's 

orbit makes a complete revolution = 18'6 ; for then, — is 

the angle described by the node in one year; therefore, 



* Now Lowndean Professor of Astronomy in the University of Cam- 
bridge. 
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— 18 the ratio of © : ^ , , supposing 9 to remain con- 
stant^ which is nearly the case ; therefore, 

na 9-3 X 0-48" , ,^„ ^ 

ca> = -— =s — - — = 1-42 * 

27r 3-14 



Note on the Numerical Values of the Coefficients. 

104. When the periods of two of the terms, in the third 
method given in Art. (62), differ but slightly, for instance if 
and <^ go through their periodic variations very nearly in 
the same time, the method could not then with safety be 
applied; for, since the same values of and ^ would very 
nearly recur together during a longer time than that through 
which the observations would extend, the two terms would 
be so blended in the value of V that they would enter nearly 
as one term — the difference between and <f> would be very 
nearly the same at the end as at the beginning of the series 
of observations. 

105. Let us suppose the periods to be actually identical, 
so that ^ =s d 4- a, a being some constant angle ; then 

-Bsin^ + Osin^ 

may be written [B+C cos a) sin 5 + (7 sin a cos^, 

or F=-4 + (5+(7cosa) &m0 -\- C siaa cosd+ 

K now we divide the observations, as before, into two 
sets, corresponding to the positive and negative values of 



* This affords the solution of a problem proposed in the Senate-House 
in the January Examination of 1852, Question 21, Jan, 22. 

H 



98 LUNAB THEORY. 

sind, the terms Involving cosd wUI disappear in the sum- 
mation of each set ; and following the process of the method 

will give 

B+C cos a = M suppose. 

Dividing again into two sets corresponding to the positive 
and negative values of cosd, the terms in sind will be can- 
celled, and the same process will give 

(7 sina = -?r suppose. 

Treating the observations in the same way with respect 
to the angle ^, we get two results, 

C+-Bcosa = if', 

-5sina = JV^'; 

from these four equations we easily get 

M'N+MN' M'N-^MN' 

N 
Mj Ny M\ N' are connected by the equation of condition, 

When the periods of 6 and ^ are nearly, but not exactly, 
the same, this equation of condition will not hoM, and the 
preceding values of B and G would not be exactly correct, 
but yet they would be very approximate, especially if the 
mean between the two values of B be taken. 

106. We may also, after having taken one of these 
slightly erroneous values for JB, make a further correction 
by establishing as it were a counterbalancing error in the 
value of C, Let B' be the value so found for B] then, from 
the V of each of the observations subtract the value B' sin 6^ 
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the result ?7will be very nearly equal to -4 + (78iii^ + &c., 
and from the n equations 

U^ = A + Gmi4>^+ 

D; = ^ + (7sm<^,+ 

U^ = A + Gsmil>^+ 

a value C of G will be obtained, by the rule of Art. (62), 
which will be very approximate, and, at the same time, 
agree better with B' in satisfying the equations than G 
itself would do. 

107. When two terms whose periods are nearly equal do 
occur, it is plain, by examining the values of M and M'y that 
the errors which would be committed by following the rule, 
without taking account of this peculiarity, would be the taking 
B+G cosa and C7+ J5 cosa for B and respectively. 
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CHAPTEB Vm. 

HISTORY OF THE LUNAB PBOBLEM BEFORE KEWTOK. 

108. The Idea which most probably saggested itself to 
the minds of those men who first considered the motion of 
the moon among the stars, was that this motion b imiform 
and circular about the earth as a centre. 

This first result is represented in onr value of the longi* 
tude by neglecting all small terms and writing 6 ^pU 

109. It must, however, have been very soon perceived 
that the actual motion is far fi-om being so simple, and that 
the moon moves with very different velocities at different 
times. 

The earliest recorded attempts to take into account the 
irregolarities of the moon's motion were made by Hipparchus, 
(140 B.C.) He imagined the moon to move with uniform 
velodty in a circle, of which the earth occupied, not the 
centre, but a point nearer to one side. By a similar hypo- 
thesis he had accounted for the irregularities in the sui's 
motion, and his success in this led him to apply it also to 
the moon. 

It is clear that, on this supposition, the moon would seem 
to move faster when nearest the earth or in perigee, and 
slower when in apogee, than at any other points of her 
orbit, and thus an apparent unequal motion would be pro- 
duced. 
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Let BAM be a circle, CA a radius, E a point in AG 
near (7; CB, ED two parallel 
lines making an angle a with 
GA. 

Suppose a body M to de- 
scribe this circle uniformly with 
an angular velocity p^ the time 
being reckoned from the instant 
when the body was at B^ and the 
longitude as seen from E being 
reckoned from the line ED ; 

therefore DJEaf = ^, BCM=p, 

AEM^e-a, AGM=pt-^a. 

EG . 
Now -Fy^ is a small fraction, and if we represent it by e, 

we shall have 

sin if = -TT^rv sin^^if 
VM 

= 6 sin(^- a) 

= e sm{pt+M—a)j 

tanlf = /^(?-°), ; 
1— 6 cos(j9^-a)' 

this would give Jf, and then by the formula d=pt+M. 

This was called an eccentrtCj and the value of e was cisdled 
the eccentriciti/j which, for the moon, Hipparchus fixed at 
sin 5" 1'. 

110. Another method of considering the motion was by 
means of an epicycle^ which led to the same result. 

A small circle PM^ with a radius equal to EG of previous 
figure, has its centre in the circumference of the circle BPD 
(which has the same radius as that of the eccentric), and 
moves round E with the uniform angular velocity p^ the 
the body M being carried in the circumference of the smaller 
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drcle, the radios PM remaimng parallel to itself, or, which 

is the same thing, revolving 

from the radius PE with the 

same angular velocity p^ so 

that the angle EPM equals 

PEA. 

Now, when the angle AEP 
equals the angle ACM of the 
former figure, it is easily seen 
that the two triangles EPM^ 
ECM are equal, and there- 
fore the distance EM and the angle AEM will be the same 
in both, that is, the two motions are identical. 

111. The vdue of e being small, we find, rejecting e", &c., 

Jf=e sin(p^- a), 

therefore ^pt + c sin {pt — a). 

If we reject terms of the second order In our expression 
for the longitude, and make o^ 1, we get. Art. (51), 

=pt + 2e sin {pt — a), 

which will be identical with the above if we suppose the 

eccentricity of the eccentric to be double that of the elliptic 

orbit. 

iPtolemy (A. D. 140) calculated the eccentricity of the 

moon's orbit, and found for it the same value as Hipparchus, 

viz. 

Mn5* 1' = 3^, nearly. 

The eccentricity in the elliptic orbit is, we know, about ^. 
These values will pretty nearly reconcile the two values of 
given above, and this shews us, that for a few revolutions the 
moon may be considered as moving in an eccentric, and her 
positions in longitude calculated on this supposition will be 
correct to the first order. 



< « t. t ^ 
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Her distances from the earth will not however agree ; for 
the ratio of the calculated greatest and least distances would 

be — ^ or If, while that of the true ones would be - — ^ 

or f ^, which differ by 3^. 

It would, therefore, have required two different eccentrics 
to account for the changes in the moon's longitude and in 
her radius vector. Changes in the latter could not, however, 
be easily observed with the rude intruments the ancients 
possessed, and it was very long before this inconsistency was 
detected. 

112. We have said that the moon's longitude, calculated 
on the hypothesis of an eccentric, will be pretty accurate for 
Si few revolutions. 

The data requisite for this calculation are, the mean 
angular motion of the moon, the position of the apogee, and 
the magnitude of the eccentricity. 

But it was known to Hipparchus and to the astronomers of 
his time, that the point of the moon's orbit where she seems 
to move slowest, is constantly changing its position among 
the stars. Now this point is the apogee of Hipparchus's ec- 
centric, and he found that he could very conveniently take 
account of this further change by supposing the eccentric 
itself to have an angular motion about the earth in the same 
direction as the moon herself, so as to make a complete revo- 
lution in about nine years, or about 3° in each revolution.* 

This motion of the apsidal line follows also from our 
expression for the longitude, as shewn in Art. (66). It is 
there, however, connected with an ellipse instead of an ec- 

* On the supposition of an epicycle, this motion of the apse could as 
easily be represented by supposing the radius which connects the moon 
with the centre of the epicycle to have this uniform angular velocity of 
about 3* in each revolution, and also in the same direction. 
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centric; and though the discovery that the elliptic is the 
trae form of the fundamental orbit was not the next in the 
order of time after those of Hipparchns, yet, as all the irre- 
gularities which were discovered in the intervening seventeen 
centuries are common both to Hipparchus's eccentric and to 
Kepler's ellipse, it will be as well for us to consider at once 
this new form of the orbit. 

Elliptic Form of the Orbit 

113. We need not dwell on the steps which led to this 
great and important discovery. Kepler, finding that the 
predicted places of the planet Mars, as given by the circular 
theories then in use, did not always agree with the computed 
ones, sought to reconcile these variances by other combina- 
tions of circular orbits, and after a great number of attempts 
and failures, and eight years of patient investigation, he 
found it necessary to discard the eccentrics and epicycles 
altogether, and to adopt some new supposition. An ellipse 
with the sun in the focus was at last his fortunate hypothesis, 
which was found to give results in accordance with obser- 
vation; and this form of the orbit was, with equal success, 
afterwards extended to the moon as a substitute for the 
eccentric: but the departures from elliptic motion, due to 
the disturbing force of the sun, are, in the case of the moon, 
much greater than the disturbances of the planet Mars by 
the other planets. 

In Kepler's hypothesis, then, the earth is to be considered 
as occupying the focus of an ellipse, in the perimeter of which 
the moon is moving, no longer with either uniform linear or 
angular velocity, but in such a manner that the radius vector 
sweeps over equal areas in equal times. 

This agrees with our investigation of the motion of two 
bodies, Art. (10). 



^ 
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Evection, 

114. The hypothesis of an eccentric, whose apse line has 
a progressive motion, as conceived by Hipparchns, served to 
calculate with considerable accuracy the circumstances of 
eclipses; and observations of eclipses, requiring no instru- 
ments, were then the only ones which could be made with 
sufficient exactness to test the truth or fallacy of the sup- 
position. 

Ptolemy (A.D. 140) having constructed an instrument, by 
means of which the positions of the moon could be observed 
in other parts of her orbit, found that they sometimes agreed, 
but were more frequently at variance with the calculated 
places ; the greatest amount of error always taking place at 
quadrature and vanishing altogether at syzygy. 

What must, however, have been a source of great per- 
plexity to Ptolemy, when he attempted to investigate the 
law of this new irregularity, was to find that it did not 
return in every quadrature, — ^in some quadratures it totally 
disappeared, and in others amounted to 2'' 39', which was 
its maximum value. 

By dint of careful comparison of observations, he found 
that the value of this second inequality in quadrature was 
always proportional to that of the first in the same place, 
and was additive or subtractive according as the first was 
so : and thus, when the first inequality in quadrature was at 
its maximum or 5"* 1', the second increased it to 7** 40', which 
was the case when the apse line happened to be in syzygy 
at the same time.* 



* It would seem as if Hipparchus had felt the necessity for some farther 
modification of his first hypothesis, though he was unable to determine it ; 
for there is an observation made by him on the moon in the position here 
specified when the error of his tables would be greatest ; and at a time also 
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But if the apse line was in quadrature at the same time as 
the moon, the second inequality vanished as well as the first. 

The mean value of the two inequalities combined was 
therefore fixed at 6° 20^'. 

115. To represent this new inequality, which was sub- 
sequently called the Evection^ Ptolemy imagined an eccentric 
in the circumference of which the centre of an epicycle moved 
while the moon moved in the circumference of the epicycle. 

The centre of the eccentric and of the epicycle he supposed 
in syzygy at the same time, and both on the same side of 
the earth. 



S- 




\ 



Thus, if E represent the earth, 

8 sun, 

Jf moon, 

c the centre of the eccentric RKT in syzygy, 

5, the centre of the epicycle, would also be in 

syzygy. 

Now conceive c, the centre of the eccentric, to describe a 

smaU circle about JS? in a retrograde direction co', while R^ 

the centre of the epicycle, moves in the opposite direction. 



when she was in the nonagesimal, so that any error of longitude, arising 
from her yet uncertain parallax, would be avoided. Ptolemy, who records 
the observation, employs it to calculate the evection, and obtains a result 
agreeing with that of his own observations. (See Delambre, Ast, Ancientie.) 



CTOLemy's hypothesis. 
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in such a maimer that each of the anfitles 8'Ec\ ffEE may 
be equal to the synodical motion of the moon, that is, her 
meaa angular motion from the sun ; BE8' being the motion 
of the sun in the same time. 

Now we have seen, Art. (110), that the first inequality 
was accounted for by supposing the epicycle RM to move 
into the position rm, r and R being at the same distance 
from -E?, and rm parallel to jBJf,* the first inequality being 
the angle rEm. But when the centre of the epicycle is at 
i?, and EM* is parallel to rm, the inequality becomes REM\ 
and we have a second correction or inequality mEM\ 

116. That this hypothesis will account for the phenomena 
observed by Ptolemy, Art. (114), will be readily understood. 

At syzygies, whether conjunction or opposition, the centres 
of the eccentric and epicycle are in one line with the earth 
and on the same side of it ; the points r and E coincide, as 
also m and M\ Hence mEM' = 0. 

At quadratures (figs. 1 and 2) c' and jB' are in a straight 
line on opposite sides of the earth, and therefore E and r at 



Rg. 1. 



Fig. 2. 



s 





X-yir^:vt 



their farthest distance. If, however, M' and m be at the 
same time in this line, or, in other words, if the apse line 



* For simplicity we leave out of consideration the motion of the apse. 
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be in quadratures (fig. 1), the angle mEM' will still be zero, 
or there will be no error in the longitude. But, if the apse 
line is in syzygy (fig. 2), the angle mEM' attams its greatest 
value.* 

Ptolemy, as we have said, found this greatest value to be 
2** 39', the angle mEr being then 5' 1'. 

117. Copernicus (A.D. 1543), having seen that Ptolemy's 
hypothesis gave distances totally at variance with the obser- 
vations on the changes of apparent diameter,t made another 
and a simpler one which accounted equally well for the in- 
equality in longitude, and was at the same time more correct 
in its representation of the distances. 

Let E be the earth, OD an epicycle whose centre C de- 
scribes the circle O'CC" about E with the moon's mean 
angular velocity. 




Let (70, a radius of this epicycle, be parallel to the apse 

* If Ptolemy had used the hypothesis of an eccentric instead of an 
epicycle for the first inequality of the moon, an epicycle would have 
represented the second inequality more simply than his method did. 
Dr. WheweU's History of the Inductive Sciences, vol. i. p, 230. 

t See Delambre, Aat. Modeme, vol, i. p. 116. WheweU's History of 
Inductive Sciences, vol. i. p. 395. 



COPERNICUS'S HYPOTHESIS. 109 

line EAy and about as centre let a second small epicycle 
be described, the radii GO and OJf being so taken that 

— j^ — = Bm5 Ij and j^p — = sin7 40. 

The radius OM must now be made to revolve from the 
radius OC twice as rapidly as EC moves from E8j so that 
the angle COMm^j be always double of the angle CE8. 

From this construction, it Mows that in syzygies the 
angle GE8 being (f or 180", the angle COM is 0' or 360' ; 
and therefore G and M are at their nearest distances, as in 
the positions G' and G'" in the figure. Then GM=GO-OM^ 
and the angle GEM will range between 0** and 5° I', the 
greatest value being attained when the apse line is in quad- 
rature. 

When the moon is in quadrature GE8—W or 270°, 
and therefore, GOM=l%(f or 540° and G and M are at 
their greatest distance apart, as in the position G" ; then, 
Cilf = GO + OJf, and the angle GEM will range between 
0" and T 40', the former value when the apse line is itself 
in quadrature, and the latter when it is in syzygy. 

118. Thus the results attained by Ptolemy's construction 
are, as far as the longitudes at syzygies and quadratures are 
concerned, as well represented by that of Copernicus; and 
the variations in the distances of the moon will be far more 
exact, the least apparent diameter being 28' 45" and the 
greatest 37' 33"; whereas, Ptolemy's would make the greatest 
diameter 1".* 

The values which modem observations give vary between 
28' 48" and 33' 32". 



* Delambre, Axt, liodeme. 



110 LUNAB THE0R7. 

119. It will not now be difficult to shew that the intro- 
duction of this small epicycle corresponds with that of the 
term ^me 8in{(2 — 2w — c)^« — 2y3 + a} in our value oiO. 

For, referrmg to the preceding figure, we have 

OEM= slnO^Jf = -^sinOJfJ? 
^^%m[GOM^AEM) 

= ^ sin{2. 8E0^ AEM) 

= YyFi sin {2 (moon^s mean long. — sun's long.) 

— (moon's true long. — long, of apse)}, 

and OEM being a small angle whose maximum is 1° 19^', 
we may write moon's mean longitude instead of the true 
in the argument, and also EC for 0E\ therefore, 

OEM= -^rp sin {2 (moon's mean longitude — sun's longitude) 

- (moon's mean longitude — longitude of apse)} 



= 79f sin[2 {pt- {mpt + fi)} - {pt- (1 -c) pt + a}] 

= 4770" sin {(2 - 2w - c) ^« - 2^8 + a}. 

The value of the coefficient is from modem observations 
found to be 4589-61". 

120. In Art. (70), we have condidered the effect of this 
second inequality in another light, not simply as a small 
quantity additional to the first or elliptic inequality, but as 
forming a part of this first; and therefore, modifying and 
constantly altering the eccejitricity and the imiform pro- 
gression of the apse line. 

Boulliaud (a. D. 1645), by whom the term Evection was 
first applied to the second inequality, seems to hint at some- 
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thing of this kind in the rather obscure explanations of Ms 
lunar hypothesis, which, never having been accepted, it would 
be useless to give an account of.* 

In Ptolemy's theory. Art. (115), the evection was the 
result of an apparent increase of the first lunar epicycle 
caused by its approaching the earth at quadratures ; but, in 
this second method, it is the result of an actual change in 
the elements of the elliptic orbit. 

D'Arzachel, an Arabian astronomer, who observed in 
Spain about the year 1080, seems to have discovered the 
unequal motion of the apsides, but his discovery must have 
been lost sight of, for Borrocks, about 1640, re-discovered it 
'in consequence of his attentive observations of the lunar 
' diameter : he foimd that when the distance of the sun from 
'the moon's apogee was about 45° or 225°, the apogee was 
'more advanced by 25° than when that distance was about 
' 135° or 315°. The apsides, therefore, of the moon's orbit 
'were sometimes progressive and sometimes regressive, and 
' required an equation of 12° 30', sometimes additive to their 
'mean place and sometimes subtractive from it.'t 

Horrocks also made the eccentricity variable between the 
limits -06686 and -04362. 

The combination of these two suppositions was a means 
of avoiding the introduction of Ptolemy's eccentric or the 
second epicycle of Copernicus : their joint effect constitutes 
the evection. 



* Apr^s avoir etabli lea mouTemens et les 6poques de la lune, Boulliaud 
revient & rexplication de I'^Yection ou de la seconde in6galit^. Si sa th^otie 
n'a pas fait fortune, le nom du moins est reste. *En mSme temps que la 

* lune ayance sur son edne autour de la terre, totU le systime de la lune eat 
*diplace; la terre emportant la lune, rejette loin d'elle Tapog^e, et rap- 

* proche d'autant le perigee ; mais cette Evection k des homes fix6es/ 

Belambre, Hist, de VA&t, Mod., torn. ii. p. 157. 
t Small's Astronomical Discoveries of Kepler, p. 307. 
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Variation. 

121. After the discovery of the evection by Ptolemy, a 
period of fourteen centuries elapsed before any fiirther ad- 
dition was made to our knowledge of the moon's motions. 
Hipparchus's hypothesis was found sufficient for eclipses, and 
when corrected by Ptolemy's discovery, the agreement be- 
tween the calculated and observed places was found to 
extend also to quadratures; any slight discrepancy being 
attributed to errors of observation or to the imperfection 
of instruments. 

But when Tycho Brah^ (a.d. 1580) with superior instru- 
ments extended the range of his observations to all inter- 
mediate points, he found that another inequality manifested 
itself. Having computed the places of the moon for diffe- 
rent parts of her orbit and compared them with observation, 
he perceived that she was always in advance of her com- 
put^d place from syzygy to quaLture, and behind it f«>m 
quadrature to syzygy ; the maximum of this variation taking 
place in the octants, that is, in the points equally distant 
from syzvffy and quadrature. The moon's velocity therefore, 

and full moon, and least at the first and third quarter.* 

* 'It appears that Mohammed- Abonl-Wefa-al-Bouzdjani, an Arabian 
' astronomer of the tenth century, who resided at Cairo, and observed at 

* Bagdad in 975, discovered a third inequality of the moon, in addition to 
' the two expounded by Ptolemy, the equation of the centre and the evec- 
*tion. This third inequality, tiie variation, is usually supposed to have 

' been discovered by Tycho Brah6, six centuries later In an almagest 

< of Aboul-Wefa, a part of which exists in the Boyal Library at Paris, 
' after describing the two inequalities of the moon, he has a Section IX., 

' '* Of the third anomaly of the moon called Muhazal or Proaneuaia*' 

'But this discovery of Aboul-Wefa appears to have excited no notice 
' among his contemporaries and followers ; at least it had been long quite 

* forgotten, when Tycho Brah6, re-discovered the- same lunar inequality/ 
Whewell's HUt, of Inductive Sciences, vol. i. p. 243. 
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Tycho fixed the maximum of this inequality at 40' 30". 
The value which results from modem observations is 
39' 30". 

122. We have already two epicycles, or one epicycle and 
an eccentric, to explain the first two inequalities: by the 
introduction of another epicycle or eccentric, the variation 
also might have been brought into the system; but Tycho 
adopted a different method:* like Ptolemy, he employed 
an eccentric for the evection, but for the first or elliptic 
inequality he employed a couple of epicycles, and this 
complicated combination, which it is needless further to 
describe, represented the change of distance better than 
Ptolemy's. 

To introduce the variation^ he imagined the centre of the 
larger epicycle to librate backwards and forwards on the ec- 
centric, to an extent of 40^' on each side of its mean position ; 
this mean place itself advancing uniformly along the eccentric 
with the moon^s mean motion in anomaly ; and the libration 
was so adjusted, that the moon was in her mean place at 
syzygy and quadrature, and at her furthest distance from it 
in the octants, the period of a complete libration being half 
a s3modical revolution. 



Annual Equation. 

123. Tycho Brah^ was also the discoverer of the fourth 
inequality, called the annual equation. This was connected 



* For a full description of Tycho's hypothesis, see Delambre, HisU de 
VAst, Mod., torn. i. p. 162, and An Account of the Aatrotwmical Discoveries 
ofKapUr, by Robert Small, p. 135. 

I 
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with the anomalistic motion of the sun, and did not, like the 
previous inequalities, depend on the position of the moon in 
her orbit. 

Having calculated the position of the moon corresponding 
to any given time, he found that the observed place was 
behind her computed one while the sun moved from perigee 
to apogee, and before it in the other half year. 

Tycho did not state this distinctly, but he made a correc- 
tion which, though wrong in quantity and applied in an 
indirect manner, shewed that he had seen the necessity and 
understood the law of this inequality. 

He did not try to represent it by any new eccentric or 
epicycle, but he increased by (8m. 13s.) siD.{$un^8 anomaly) 
the time which had served to calculate the moon's place;* 
thus assuming that the true place, after that interval, would 
agree with the calculated one. ]^ow, as the moon moves 
through 4' 30" in 8m. 13s., it is clear that adding (8m. 13s.) 
Bm{8un*8 anomaly) to the time is the same thing as sub- 
tracting (4' 30") sm[8un^8 anomaly) fix)m the calculated lon- 
gitude, which was therefore the correction virtually intro- 
duced by Tycho.f Modem observations shew the coefficient 
to be 11' 9". 

We have seen, Art. (75), how this inequality may be 
inferred from our equations. 



* l^hat is, the equation of time which he used for the moon differed by 
that quantity from that used for the eun. 

t Horrocks (1689) made the correction in the same manner as Tycho» 
but so increased it that the corresponding coefficient was 11' 61" instead 
of 4' 30"'. Flamsteed was the first to apply the correction to the longitude 
instead of the time. 
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Recbiction. 

124. The next inequality In longitude which we have to 
consider, is not an inequality in the same sense as the fore- 
going ; that is, it does not arise from any irregularity in the 
motion of the moon herself in her orbit, but simply because 
that orbit is not in the same plane as that in which the 
longitudes are reckoned, so that even^ a regular motion in 
the one would be necessarily irregular when referred to the 
other. Thus if NMn be the moon's orbit and TNm the 
ecliptic, and if M the moon be re- 
ferred to the ecliptic by the great 
circle Mm perpendicular to it, then 
MN and mN are 0', 90°, 180°, 270°, 
and 360° simultaneously, but they ^^ "^ 

differ for all intermediate values: the difference between 
them is called the reduction. 

The difference between the longitude of the node and that 
of the moon in her orbit being known, that is the side NM of 
the right-angled spherical triangle NMm^ and also the angle 
N the inclination of the two orbits, the side Nm may be 
calculated by the rules of spherical trigonometry, and the 
difference between it and NM^ applied with a proper sign 
to the longitude in the orbit, gives the longitude in the 
ecliptic. 

Tycho was the first to make a table of the reduction 

instead of calculating the spherical triangle. His formula 

was 

reduction = tan* \I sin 2i — ^ tan*^/ sin4jL, 

where / is the inclination of the orbit and L the longitude of 
the moon diminished by that of the node. 

The first term corresponds with the term — i^r" sin 2(^^—7) 
of the expression for 0. 
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Latitude of the Moon. 

125. That the moon's orbit is inclined to the ecliptic was 
known to the earliest astronomers, from the non-recurrence 
of eclipses at every new and fiiU moon; and it was also 
known, since the eclipses did not always take place in the 
same part of the heavens, that the line of nodes represented 
by Nn^ in the preceding figure, has a retrograde motion on 
the ecliptic, N moving towards T. 

Hipparchus fixed the inclination of the moon's orbit to 
the ecliptic at 5"*, which value he obtained by observing the 
greatest distance at which she passes to the north or south 
of some star known to be in or very near the ecliptic, as for 
instance the bright star Eegulus; and by comparing the re- 
corded eclipses from the times of the Chaldean astronomers 
down to his own, he found that the line of nodes goes round 
the ecliptic in a retrograde direction in about 18f years. 

This result is indicated in our expression for the value 
of the latitude by the term k sin (^^ — 7), as we have shewn 
Art. (78). 

126. Tycho Brah^ further discovered that the inclination 
of the lunar orbit to the ecliptic was not a constant quantity 
of 5° as Hipparchus had supposed, but that it had a mean 
value of 5° 8', and ranged through 9' 30" on each side of 
this, the least inclination 4° 58^' occurring when the node 
was in quadrature, and the greatest 5° 17^' being attained 
when the node was in syzygy.* 



* Ebn Joiinis, an Arabian astronomer (died a.d. 1008), whose works 
were translated about 30 years since by Mons. Sedillot, states that the 
inclination of the moon's orbit had been often observed by Aboul-Hassan- 
Aly-ben-Amajour about the year 918, and that the results he had obtained 
were generally greater than the 5** of Hipparchus, but that they varied 
co?isUlerably, 
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* 

He also found that the retrograde motion of the node was 
not uniform : the mean and true position of the node agreed 
very well when they were in syzygy or quadrature, but they 
were V 46' apart in the octants. 

By referring to Art. (80), we shall see that these correc- 
tions, introduced by Tycho Brah^, correspond to the second 
term of our expression for s. 

Since Hipparchus could observe the moon with accuracy 
only in the eclipses, at which time the node is in or near 
syzygy, we see why he was unable to detect the want of 
uniformity in the motion of the node. 

127. To represent these changes in the position of the 
moon's orbit, Tycho made the following hypothesis. 

Let ENF be the ecliptic, K its pole, BA G a small circle, 



Ebn Jounis adds, howeTer, that he himself had observed the mclination 
several times and found it 5° 3', which leads us to infer that he always 
observed in similar circumstances, for otherwise a variation of nearly 23^ 
could scarcely have escaped him. See Delambre, Hist, de VAai, du Moyen 
Age, p. 139. 

The mean value of the inclination is 5° 8' 55*46'', — the extreme values 
are 4* BT 22" and d"" 20' 6". 

The mean daily motion of the Une of nodes is 3' 10*64", or one revolution 
in 6793-39 days, or 18 y. 218 d. 21 h. 22 m. 46 s. 
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having also K for -pole and at a distance from it equal 
to 5** 8'. Then, if we suppose A the pole of the moon's 
orbit to move uniformly in the small circle and in the 
direction BAC^ the node N^ which is at 90** from both A 
and K, wiU retrograde uniformly on the ecliptic, and the 
inclination of the two orbits will be constant and equal 
to AK. 

But instead of supposing the pole of the moon's orbit to 
be at -4, let a small circle abed be described with A as pole 
and a radius of 9' 30" ; and suppose the pole of the moon's 
orbit to describe this small circle with double the velocity 
of the node in its synodical revolution which is accomplished 
in about 346 days, in such a manner that when the node is 
in quadrature the pole may be at a, the nearest point to K^ 
and at c the most distant point when the node comes to 
syzygy, at d in the first and third octants, and at h in the 
second and fourth, so as to describe the small circle in about 
173 days, the centre A of the small circle retrograding mean- 
while with its uniform motion. 

By this method of representing the motion, we see that 

when node is in quadrature] . ^ , j^a=5°8'- 9^ =4^*58 J', 

syzygy I "h* *''Vc=5°8'+H'=5°i7i', 

while at the octants it has its mean value 

Again with respect to the motion of the node, since N is 
the pole of KaAc^ it follows that when in syzygy and quad- 
rature, the node occupied its mean place, in the first and 
third octants, the pole being at d^ the node was before its 
mean place by the angle rfir^ = (9' 30") cosec5° 8' = 1'* 46', 
nearly, and it was as much behind its true place in the 
second and fourth octants. 
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So that the whole motion of the node, and the correc- 
tion which Tycho had discovered, were properly represented 
by this hypothesis, which is exactly similar to that which 
Copernicus had imagined to explain the precession of the 
Equinox, 



THE END. 
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book which in so small a compass, and with so httlfi parade, contains more 
sound knowledge of La^."'-S/eeiator. 
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SALLUST,—CMl SALLUSTII CRISPI Catilina et Jugurtha. 
For use in Schools (with copious Notes). By C. Merivale, B.D. 
(In the present Edition the Notes have been carefully revised, and 
a few remarks and explanations added.) Second Edition. Fcap. 
8vo. 4r. 6d, 

The Jugurtha and tlie Catilina may be had separately, price 2s. 6d. 
each. 

TACITUS.— TWE HISTORY OF TACITUS translated into ENG- 
LISH. By A. J. Church, M.A., and W. J. Brodribb, M.A. 
With Notes and a Map. 8vo. ioj. 6d, 

The translators have endeavoured to adhere as closely to the original as was 
thought consistent with a proper observance of English idiom. At the 
same tune it has been their aim to reproduce the precise expressions of the 
author. The campaign of Civilis is elucidated in a note of some length 
which is illustrated by a map, containing only the names of places and of 
tribes occurring in the work. 

THRING,—Vf orks by Edward Tliring, M.A., Head Master of 
Uppingham School : — 

— A CONSTRUING BOOK. Fcap. 8vo. 2s. ed. 

This Construing Book is drawn up on the same sort of graduated scale as the 
Author's English Grantntar, Passages out of the best Latin Poets are 
gradually built up into their perfect shape. The few words altered, or in- 
serted as the passages go on, ace printed in Italics. It is hoped by this 
plan that the learner, whilst acqmring the rudiments of language, may 
store his inind with good poetry and a good vocabulary. 

— A LATIN GRADUAL. A First Latin Construing Book for 
Beginners. Fcap. 8vo. 2J. 6d, 

The main plan of this little work has been well tested. 

The intention is to supply by easy steps a knowledge of Grammar, combined 

with a good vo(;abulary ; m a word, a book which will not require to be 

forgotten a^ain as the learner advances. 
A short practical manual of common Mood constructions, with their English 

equivalents, form the second part. 

— A MANUAL of MOOD CONSTRUCTIONS. Extra fcap. 
8vo. IS. dd, 

THUCYDIDES.—THE SICILIAN EXPEDITION. Being Books 
VL and VII. of Thucydides, with Notes. A New Edition, revised 
and enlarged, with a Map. By the Rev. Percival Frost, M.A., 
late Fellow of St. John's College, Cambridge. Fcap. 8vo. 5j. 

This edition is mainly a grammatical one. Attention is called to the force 
of compound verbs, and die exact meaning of the various tenses employed. 
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WRIGHT.— ^orV% by J. Wright, M.A., late Head Master of 
Sutton Coldfield School :— 

— HELLENICA ; Or, a HISTORY of GREECE in GREEK, 
as related by Diodorus and Thucydides, being a First Greek 
Reading Book, with Explanatory Notes Critical and Historical. 
Second Edition, with a Vocabulary. i2mo. 3J. 6</. 

In the last twenty chapters of this volume, Thucydides sketches the rise and 
progress of the Athenian Empire in so clear a style and in such simple 
hmguage, that the author doubts whether any easier or more instructive 
rassages can be selected for the use of the pupil who is commencing 
Greek. 

— A HELP TO LATIN GRAMMAR ; Or, the Form and Use 
of Words in Latin, with Progressive Exercises. Crown 8vo. 

" Never was there a better aid offered alike to teacher and scholar in diat 
arduous pass. The style is at once familiar and strikingly simple and 
lucid ; and the explanations precisely hit the difficulties, and thoroughly 
explain them." — English Journal of Education, 

— THE SEVEN KINGS OF ROME. An Easy Narrative, 
abridged from the First Book of Livy by the omission of difficult 
passages, being a First Latin Reading Book, with Grammatical 
Notes. Fcap. 8vo. 3J. 

This work is intended to supply the pupil with an easy Construing-book» 
which may at the same time be made the vehicle for instructing him in 
the rules of grammar and principles of composition. Here Livy tells his 
own pleasant stories in his own pleasant words. Let Livy be the master 
to teach a boy Latin, not some English collector of sentences, and he will 
not be foimd a dull one. 

— A VOCABULARY AND EXERCISES on the " SEVEN 
KINGS OF ROME." Fcap. 8vo. 2j. (>d. 

The Vocabulary and Exercises may also be had bound up with 
"The Seven Kings of Rome." 



MATHEMATICAL BOOKS. 

AIRY, — Works by G.B. Airy, Astronomer Royal ; — 

— ELEMENTARY TREATISE ON PARTIAL DIFFEREN- 
TIAL EQUATIONS. Designed for the use of Students in the 
University. With Diagrams. Crown 8vo. cloth, 5j. dd. 

It is hoped that the methods of solution here explained, and the instances 
exhibited, will be found sufficient for application to nearly all the important 
problems of Physical Science, which require for their complete investiga- 
tion the aid of partial dlfiferential equations. 
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^/^K— Works by G. B. Axrj— Continued. 

— ON THE ALGEBRAICAL AND NUMERICAL THEORY 
of ERRORS of OBSERVATIONS, and the COMBINATION 
of OBSERVATIONS. Crown 8vo. cloth, dr. 6^. 

— UNDULATORY THEORY OF OPTICS, designed for the 
use of Students in the University. New Edition. Crown 8vo. 
cloth, dr. 6d, 

— POPULAR ASTRONOMY. With Illustrations. New and 
Cheaper Edition. i8mo. cloth, 4f. 6</. 

" Popular Astronomy in general has many manuals ; but none of them super- 
sede the Six Lectures of the Astronomer Royal under that title. Its 
speciality is the direct way in which every step is referred to the observatory, 
and in which the methods and instruments by which every observation is 
made are fully described. This gives a sense of solidity and substance to 
astronomical statements which is obt£unable in no other way." — Guardian, 

BAYMA.^TUE ELEMENTS of MOLECULAR MECHANICS. 
By Joseph Bayma, S.J., Professor of Philosophy, Stonyhurst 
College. Demy 8vo. cloth, loj. 6d, 

BEASLEY.—K-^ ELEMENTARY TREATISE ON PLANE 
TRIGONOMETRY. With Examples. By R. D. Beasley, 
M.A., Head Master of Grantham Grammar School. Second 
Edition, revised and enlarged. Crown 8vo. cloth, 3^. (>d. 

This Treatise is specially intended for use in Schools. The choice of matter 
has been chiefly guided by the requirements of the three days' Examina- 
tion at Cambridge, with the exception of proportional parts in Logarithms, 
which have been omitted. About Four hi^tdred Examples have been 
added, mainly collected from the Examination Papers of the last ten years, 
and ereat pains have been taken to exclude from the body of die work any 
which might dishearten a beginner by their difficulty. 

BOOLE,— Vfox\is by G.. Boole, D.C.L., F.B.S., Professor of 

Mathematics in the Queen's University, Ireland ; — 

— A TREATISE ON DIFFERENTIAL EQUATIONS. New 
and Revised Edition. Edited by I. Todhunter. Crown 8vo. 
cloth, 14J. 

The author has endeavoured in this Treatise to convey as complete an ac- 
count of the present state of knowledge on the subject of Differential 
Equations, as was consistent with the idea of a work intended primarily 
for elementary instruction. The earlier sections of each chapter contain 
that kind of matter which has usually been thought suitable to the beginner, 
while the later ones are devoted either to an account of recent discovery, 
or the discussion of such deeper questions of principle as are likely to pre- 
sent themselves to the reflective student in connexion with the methods 
and processes of his previous course. 
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BOOLE,— Vfork!& by G. Boole, D.C.L., 'EJR.S.^Coniinued. * 

— A TREATISE ON DIFFERENTIAL EQUATIONS. Sup- 
plementary Volume. Edited by I. Todhunter. Crown 8vo, 
cloth, S^. 6d, 

— THE CALCULUS OF FINITE DIFFERENCES. Crown 
8vo. cloth, icxf. 6d, 

This work is in some measure designed as a sequel to the Treatise oh 
Differential Equations^ and^is composed on the same plan. 

CAMBRIDGE SENATE-HOUSE PROBLEMS and RIDERS, 
WITH SOLUTIONS:— 

1848 — 185 1. — PROBLEMS. By Ferrers and Jackson. 8vo, doth. 
1 5 J. 6d, 

1848— 1851.— RIDERS. By Jameson. 8vo. cloth. 7j. 6d. 

1854.— PROBLEMS and RIDERS. By Walton and Mackenzie, 
8vo. cloth. lor. 6d, 

1857.— -PROBLEMS and RIDERS. By Campion and Walton. 
8vo. doth. &f. 6d, 

i860.— PROBLEMS and RIDERS. 'By Watson and Routh. 
Crown 8vo. cloth. *js, 6d. 

1864.— PROBLEMS and RIDERS. By Walton and Wilkinson. 
8vo. doth. lOf. 6d, 

CAMBRIDGE COURSE OF ELEMENTARY NATURAL PHI- 
LOSOPHY, for the Degree of B.A. Originally compiled by 
J. C. Snowball, M. A., late Fellow of St. John's College. Fifth 
Edition, revised and enlarged, and adapted for the Middle-Class 
Examinations by Thomas Lund, B.D., Late Fellow and Lecturer 
of St. John's College ; Editor of Wood's Algebra, &c. Crown 
8vo. cloth. 5^". 

This work will be fotmd suited to the wants, not only of University Students, 
but also of many others who require a short course of Mechanics and 
Hydrostatics, and especially of the Candidates at our Middle-Class Ex- 
aminations. 

CAMBRIDGE AND DUBLIN MA THEMA TICAL JOURNAL. 
The Complete Work, in Nine Vols. 8vo. doth. £^ 4^. 
(Only a few copies remain on hand.) 

CHEYNE.—Al^ ELEMENTARY TREATISE on the PLANET- 
ARY THEORY. With a CoUection of Problems. By C. H. H. 
Cheyne, B.A. Crown 8vo. doth. dr. 6d. 

— THE EARTH'S MOTION of ROTATION. By C. H. H. 
Cheyne, M.A. Crown 8vo. $s,6d. 
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CHI£dE,^T1IE singular properties of the ELLIPSOID 
and ASSOCIATED SURFACES of the Nth DEGREE. Bv 
the Rev. G. F. Childe, M.A., Author of "Ray Surfaces,^' 
"Related Caustics," &c. 8vo. ios,6d, 

CHRISTIE,— K COLLECTION OF ELEMENTARY TEST- 
QUESTIONS in PURE and MIXED MATHEMATICS ; with 
Answers and Appendices on Synthetic Division, and on the 
Solution of Numerical Equations by Homer's Method. By James 
R. Christie, F.R.S., late First Mathematical Master at the 
Royal Military Academy, Woolwich. Crown 8vo. cloth, 8j. dd. 

The Series of Mathematical Exercises here offered to the public is collected 
from those which the author has from time to time proposed for solution by 
his pupils during a long career at the Royal Military Academy ; they are 
in the main origmal : and having well fulfilled the purpose for which they 
were first framed, it is hoped they may be made still more widely useful 

Z?^ZrC^A^.— ARITHMETICAL EXAMPLES. Progressively ar- 
ranged, with Exercises and Examination Papers. By the Rev. 
T. D ALTON, M.A., Assistant Master of Eton Collie. i8mo. 
doth. zr. dd, 

i?^i?rf^-~GEOMETRICAL TREATISE on CONIC SECTIONS. 
By W. H. Drew, M. A., St John's CoU^e, Cambridge. Third 
Edition. Crown 8vo. cloth, \s, 6d, 

In this work the subject of Conic Sections has been placed before die student 
in such a form that, it is hoped, after mastering the elements of £uclid, he 
may find it an easy and interesting continuation of his geometrical stupes. 
With a view also of rendering the work a complete Manual of what is re- 
quired at the Universities, there have been either embodied into the text, 
or inserted among the examples, every book-work question, problem, and 
rider, which has been proposed in the Cambridge examinations up to the 
present time. 

Z>i?J?ff:— SOLUTIONS to the PROBLEMS in DREWS CONIC 
SECTIONS. Crown 8vo. doth, 4r. 6d, 

FERRERS.— Ki^ ELEMENTARY TREATISE on TRILINEAR 
CO-ORDINATES, the Method of Reciprocal Polars, and the 
Theory of Projections. By the Rev. N. M. Ferrers, M.A., 
Fellow and Tutor of Gon\ille and Caius College, Cambridge. 
Second Edition. Crown 8vo. 6s, 6d, 

The object of the author in writing on this subject has mainly been to place 
it on a basis altogether independent of the ordinary Cartesian system, in- 
stead of reg^ing it as only a special form of Abridged Notation. A short 
chapter on Determinants has been introduced. 
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FJ^OST.-^-THE FIRST THREE SECTIONS of NEWTON'S 
PRINCIPIA. With Notes and Illustrations. Also a Collection 
of Problems, principally intended as Examples of Newton's 
Methods. By Percival Frost, M.A., late Fellow of St. John's 
College, Mathematical Lecturer of King's Collie, Cambridge. 
Second Edition. 8vo. cloth, lor. 6d. 

The author's principal intention is to explain difficulties which may be en- 
countered by the student on first reading the Principia, and to illustrate 
the advantages of a careful study of the methods employed by Newton, by 
showine the extent to which ,they may be applied in the solution of prob- 
lems; he has also endeavoured to give assistance to the student who is 
engaged^ in the study of the higher branches of Mathematics, by repre- 
senting in a geometrical form several of the piycesses employed in Uie 
Differential and Integral Calculus, and in the analytical investigations of 
Dynamics. 

FROST and WOLSTENHOLME,—K TREATISE ON SOLID 
GEOMETRY. By Percival Frost, M.A., and the Rev. J. 
WoLSTENHOLME, M.A., Fellow and Assistant Tutor of Christ's 
College. 8vo. cloth, i8j. 

The authors have endeavoured to present before students as comprehensive 
a view of the subject as possible. Intending as they have done to make 
the subject accessible, at least in the earuer portion, to all classes of 
students, they have endeavoured to explain fully all the processes which 
are most useful in dealing with ordinary theorems and problems, thus di- 
recting the student to the selection of methods which are best adapted to 
the exigencies of each problem. In the more difficult portions of the sub- 
ject, they have considered themselves to be addressing a higher class of 
students ; there they have tried to lay a good foundation on which to build, 
if any reader should wish to pursue the science beyond the limits to which 
the work extends. 

GODFRAY,—K TREATISE on ASTRONOMY, for the use of 
Colleges and Schools. By Hugh Godfray, M. A., Mathematical 
Lecturer at Pembroke CoUege, Cambridge. 8vo. cloth. I2J. dd, 

** We can recommend for its piupose a very eood Treatise on Asirononif 
by Mr. Godfray. It is a workmg book, taking astronomy in its proper 
place in mathematical science. But it begins with the elementary de- 
finitions, and connects the mathematical formulae venr clearly with the 
visible aspect of the heavens and the instruments which are used for ob- 
serving it" — Guardian. 

GODFRA K— AN ELEMENTARY TREATISE on the LUNAR 
THEORY. With a brief Sketch of the Problem up to the time 
of Newton. By Hugh Godfray, M.A. Second Edition, 
revised. Crown 8vo. cloth. 5^. dd, 

HEMMING,— K^ ELEMENTARY TREATISE on the DIF- 
FERENTIAL AND INTEGRAL CALCULUS, for the use 
of Colleges and Schools. By G. W. Hemming, M.A., Fellow 
of St John's Collejge, Cambridge. Second Edition, with Cor- 
rections and Additions. 8vo. cloth. 9^. 
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JONES and CITE VNE,— ALGEBRAIC AL EXERCISES. Pro- 
gressively arranged. By the Rev. C. A. Jones, M.A., and C. H. 
Cheyne, M.A., Mathematical Masters of Westminster School. 
New Edition. i8mo. cloth, 2s, (yd. 

This little book is intended to meet a diffictilty which is probably felt more 
or less by all engaged in teaching Algebra to beginners. It is that while 
new ideas are being acquired, old ones are forgotten. In the belief that 
constant practice is the only remedy for this, the present series of miscel- 
laneous exercises has been prepared. Their peculiarity consists in this, 
that though miscellaneous they are yet progressive, and may be used by 
the pupil almost from the commencement of his studies. They are not in- 
tenoed to supersede the systematically arranged examples to be found in 
ordinary treatises on Algebra, but rather to supplement them. 

The book beine ftitended chiefly for Schools and Junior Students, the higher 
parts of Algd)ra have not been included. 

MORGAN,'-A COLLECTION of PROBLEMS and EXAMPLES 
in Mathematics. With Answers. By H. A. Morgan, M.A., 
Sadlerian and Mathematical Lecturer of Jesus Collie, Cambridge. 
Crown 8vo. doth. dr. 6</. 

This book contains a number of problems, chiefly elementary, in the Mathe- 
matical subjects usually read at Cambridge. They have been selected 
from the papers set during late years at Jesus college. Very few of them 
are to be met with in other collections, and by far the larger number are 
due to some of the most distinguished Mathematicians in tl^ University. 

PARKINSON,— Vfor\is by 8. Parkinson, B.D., Fellow and Prae- 
lector of St John's College, Cambridge : — 

— AN ELEMENTARY TREATISE ON MECHANICS. For 
the use of the Junior Classes at the University and the Higher 
Classes in Schools. With a Collection of Examples. Third 
Edition, revised. Crown 8vo. cloth, 9^. 6^. 

The author has endeavoured to render the present volume suitable as a 
Manual for the junior classes in Universities and the higpher classes in 
Schools. In the Third Edition several additional propositions have been 
incorporated in the work for the purpose of rendenng it more complete, 
and me Collection of Examples and Problems has been largely incr«ised. 

— A TREATISE on OPTICS. Second Edition, revised. Crown 
8vo. cloth, icxf. 6^. 

A collection of Examples and Problems has been appended to this work 
which are sufficiently numerous and varied in character to afford useful 
exercise for the student : for the greater part of them recourse has been 
had to the Examination Papers set in the University and the several Col- 
leges during the last twenty years. 

Subjoined to the copious Table of Contents the author has ventured to indi- 
cate an elementary course of reading not unsuitable for the requirements of 
the First Three Days in the Cambndge Senate-House Examinations. 
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/W^y^^.— ELEMENTARY HYDROSTATICS. With numerous 
Examples. By J. B. Phear, M.A., Fellow and late Assistant 
Tutor of Clare College, Cambridge. Fourth Edition. Crown 8vo. 
cloth, 5j. 6</. 

*'An excellent Introductory Book. The definitions are very clear; the de- 
scriptions and explanations are sufficiently full and intelligible ; the in- 
vestigations are simple and scientific. The examples greatly enhance its 
value." — English Journal of Educatum. 

PRATT.— k. TREATISE on ATTRACTIONS, LAPLACE'S 
FUNCTIONS, and the FIGURE of the EARTH. By John 
H. Pratt, M.A., Archdeacon of Calcutta, « Author of "The 
Mathematical Principles of Mechanical Philosophy." Third 
Edition. Cro'WTi 8vo. cloth, dr. 6^. 

PUCKLE,—K^ ELEMENTARY TREATISE on CONIC SECT- 
IONS and ALGEBRAIC GEOMETRY. With Easy Examples, 
progressively arranged ; especially designed for the use of Schools 
and Beginners. By G. H. PucklE, M.A., St. John's College, 
Cambri^g^, Head Master of Windermere College. Third Edition, 
enlarged and improved. Crown 8vo. cloth, 7j. (yd, [In the Press, 

This work will, it is hoped, he found to contain all that is required h^r the 
upper classes of Schools and by the generality of students at the Universities. 

RA ^Z/iYi-OA^.— ELEMENTARY STATICS. By G. Rawlin- 
SON, M.A. Edited by Edward Sturges, M.A., of Emmanuel 
College, Cambridge, and late Professor of the Applied Sciences, 
Elphinstone College, Bombay. Crown 8vo. cloth. 4r. 6rf. 

Published under the authority of H. M. Secretary of State for use in the 
Government Schools and Colleges in India. 

" This Manual may take its place among the most exhaustive, yet clear and 
simple, we have met with, upon the composition and resolution of forces, 
equilibrium, and the mechanical powers." — Oriental Budget, 

ROUTH.—A,!^ ELEMENTARY TREATISE on the DYNAMICS 
of a SYSTEM of RIGID BODIES. With Examples. By 
Edward John Routh, M.A., Fellow and Assistant Tutpr of 
St. Peter's College, Cambridge ; Examiner in the University of 
London. Crown 8vo. cloth, lor. 6d, 

SJ\rOPfrBALL,'^'PJ.ASE and SPHERICAL TRIGONOMETRY. 
With the Construction and Use of Tables of Logarithms. By 
J. C. Snowball. Tenth Edition. Crown 8vo. cloth, js, 6d, 

In preparing a new edition, the proofs of some of the more important pro- 
positions have been rendered more strict and general ; and a considerable 
addition pf more than Two hundred Examples^ taken principally from the 
questions in the Exazninations of t^Ueges and the University, has been 
made to the collection of Examples and Problems for practice. 
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SMITH.— Vfoxks by Barnard Smith, M.A., Rector of Glaston, 
Rutlandshire, late Fellow and Senior Bursar of St Peter's College, 
Cambridge : — 

— ARITHMETIC and ALGEBRA, in their Principles and Ap- 
plication, with numerous Systematically arranged Examples, taken 
from the Cambridge Examination Papers, with especial reference 
to the Ordinary Examination for B,A. Degree. Tenth Edition. 
Crown 8vo. cloth, icxr. 6d. 

This work is now extensively used in Schools and Colleges both at home and' 
in the Colonies. It has also been found of great service for students pre- 
paring for the Middle-Class and Civil and Military Service Ex- 
aminations, from the care that has been taken to elucidate ^t principles 
of all the Rules. 

— ARITHMETIC FOR SCHOOLS. New Edition. Crown 
8vo. cloth, 4r. 6^. 

Companion to Arithmetic for Schools. [Preparing. 

A KEY to the ARITHMETIC for SCHOOLS. Fifth Edition. Crown 8vo., 
cloth, Zs. 6d. 

— EXERCISES in ARITHMETIC. With Answers. Crown 
8vo. limp cloth, 2s, 6d, Or sold separately, as follows r — Part I. 
ij.; Part 11. is. Answers, 6d, 

These Exercises have been published in order to give the pupil examples in 
every rule of Arithmetic. The greater niunber have been carefully com- 
piled from the latest University and School Examination Papers. 

— SCHOOL CLASS-BOOK of ARITHMETIC. i8mo. doth, 
3J. Or sold separately. Parts I. and II. lod, each ; Part III. u. 

KEYS to SCHOOL CLASS-BOOK of ARITHMETIC. Complete in one 
Volume, i8mo. cloth. 6s. 6d. ; or Parts I., II., and III. sf. 6d. each. 

— SHILLING BOOK of ARITHMETIC for NATIONAL 
and ELEMENTARY SCHOOLS. i8mo. cloth. Or separat^y, 
Parti. 2d.', Part II. 3^?.; Part III. *jd. Answers, 6d, 

Thb Same, with Answers complete. i8mo. cloth, u. 6d. 

KEY to SHILLING BOOK of ARITHMETIC. i8mo. cloth, ^s. 6d. 

— EXAMINATION PAPERS in ARITHMETIC. In Four 
Parts. i8mo. cloth, is, 6d, The Same, with Answers, i8mo. 
IS, gd, 

KEY to EXAMINATION PAPERS in ARITHMETIC. i8mo. cloth, 
4s.6d. 
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TAIT and STEELE. --DY'SAUICS of a PARTICLE. With 
Exajnples. By Professor Tait and Mr. Steele. New Edition. 
Crown 8vo. cloth, los, 6d, 

In this Treatise will be found all the ordinary propositions connected with 
the Dynamics of Particles which can be conveniently deduced without the 
use of D'Alembert's Principles. ^ Throughout the book will be found a 
number of illustrative Examples introduced in the text, and for the most 
part completely worked out ; others, with occasional solutions or hints to 
assist the student, are appended to each Chapter. 

Z^KZC?^.— GEOMETRICAL CONICS ; including Anharmonic 
Ratio and Projection, with numerous Examples. By C. Taylor, 
B.A., Scholar of St. John's College, Cambridge. Crown 8vo, 
doth, 7^. 6d, 

TODffUNTER.—VforVs by I. Todhunter, M.A., F.B.S., Fellow 
and Principal Mathematical Lecturer of St John's Coll^;e, Cam- 
bridge : — 

— THE ELEMENTS of EUCLID for the use of COLLEGES 
and SCHOOLS. New Edition. i8mo. cloth, 3^. 6d. 

— ALGEBRA for BEGINNERS. With numerous Examples. 
New Edition. i8mo. cloth, 2s, 6d. 

Great pains have been taken to render this work intelligible to young students 
by the use of simple language and by copious explanations. In accord- 
ance with the recommendation of teachers, the examples for exercises are 
very numerous. • 

KEY to ALGEBRA for BEGINNERS. [Nearly ready, 

— TRIGONOMETRY for BEGINNERS. With numerous 
Examples. i8mo. cloth, 2s, dd. 

Intended to serve as an introduction to the larger treatise on Plane Trigty 
nometry, published by the author. The same plan has been adopted as in 
tiie Algebra/or Beginners: the subject is discussed in short chapters, and 
a collection of examples is attached to each chapter. 

~- MECHANICS for BEGINNERS. With numerous Examples. 
l8mo. cloth, 4r. 6d, 

Intended as a companion to the two preceding books. The work forms an 
elementary treatise on Demonstrative Mechanics. It may be true that 
this part of mixed mathematics has been sometimes made too abstract and 
sx)eculative ; but it can hardly be doubted that a knowledge of the elements 
at least of the theory of the subject is extremely valuable even for those 
who are mainly concerned with practical results. The author has accord- 
ingly endeavoured to provide a suitable introduction to the study of applied 
as well as of theoretical Mechanics. 
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TODffUNTER,'-Vfox\iS by I. Todhunter, HL.K.— -Continued. 

— A TREATISE on the DIFFERENTIAL CALCULUS. 
With Examples. Fourth Edition. Crown 8vo. cloth, loj. dd. 

— A TREATISE on the INTEGRAL CALCULUS. Second 
Edition, revised and enlaiged. With Examples. Crown Svo. 
doth, iQr. 6^. 

— A TREATISE on ANALYTICAL STATICS. With Ex- 
amples. Third Edition, revised and enlarged. Crown Svo. doth, 
lor. 6^. 

— PLANE CO-ORDINATE GEOMETRY, as appHed to the 
Straight Line and the CONIC SECTIONS. With numerous 
Examples. Fourth Edition. Crown Svo. doth, *js. dd. 

— ALGEBRA. For the use of Colleges and Schools. Fourth 
Edition. Crown Svo. strongly bound in cloth, ^s, 6d. 

This work contains all the propositions which are usually included in ele- 
mentary treatises on Algebra, and a large niunber of Examples /or Ex- 
ercise. The author has sought to render the work easily intelhgible to 
students without impairing the accuracy of the demonstrations, or contract- 
ing the limits of the subject. The Examples have been selected with a 
view to illustrate every part of the subject, and as the number of them is 
about Sixteen hundred and fifty ^ it is hoped they will supply ample exer- 
cise for the student. Each set of Examples has been carefully arranged, 
commencing with very simple exercises, and proceediDg gradually to those 
which are less obvious. 

— PLANE TRIGONOMETRY. For Schools and CoUeges. 
Third Edition. Crown Svo. doth, ^s. 

The design of this work has been to render the subject intelligible to be- . 
ginners, and at the same time to afford the student the opportunity of ob- 
taining all the information which he will require on this branch of Mathe- 
matics. Each chapter is followed by a set of Examples ; those which are 
entitled Miscellaneous Examples^ together with a few in some of the other 
sets, may be advantageously reserved by the student for exercise after he 
has made some progress m the subject. In the Second Edition the 
hints for the solution of the Examples have been considerably increased. 

— A TREATISE ON SPHERICAL TRIGONOMETRY. 
Second Edition, enlai^ed. Crown Svo. cloth, 4r. 6^. 

This work is constructed on the same plan as the Treatise on Plane Trigo- 
nometry, to which it is intended as a sequel. Considerable labour has 
been expended on the text in order to render it comprehensive and ac- 
curate, and the Examples, which have been chiefly selected from Uni- 
versity and College Papers, have all been carefully verified. 

— EXAMPLES of ANALYTICAL GEOMETRY of THREE 
DIMENSIONS. Second Edition, revised. Crown Svo. doth, 4r. 

— AN ELEMENTARY TREATISE on the THEORY of 
EQUATIONS. Second Edition, revised. Crown Svo. doth, 
7J. 6</. 
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WILSON.—A. TREATISE on DYNAMICS. By W. P. Wilson, 
M.A., Fellow of St. John's College, Cambridge; and Professor 
of Mathematics in Queen's College, Belfast 8vo. 9^. 6d, 

WOLSTENHOLME.—K BOOK of MATHEMATICAL PROB- 
LEMS on subjects included in the Cambridge Course. By Joseph 
WoLSTENHOLME, Fellow of Christ's College, sometime Fellow of 
St. John's Collie, and lately Lecturer in Mathematics at Christ's 
College. Crown 8vo. cloth, 8j. 6^. \yust ptiblished. 

In each subject the order of the Text-Books in general use in the University 
of Cambridge has been followed, and to some extent the questions have 
been arranged in order of difficulty. The collection will be found to be 
imusually copious in problems in the earlier subjects, by which it is de- 
signed to maxe the work useful to mathematical students, not only in the 
Universities, but in the higher classes of public schools. 

Contents: Geometry (Euclid). — ^Algebra. — Plane Trigonometry. — Conic 
Sections, GeometricsJ. — Conic Sections, Analytical. — Theory of Equations. 
— Differential Calculus. — Integral Calculus. — Solid Geometry.— Statics. — 
Dynamics, Elementary. — NcMrton. — Dynamics of a Point. — Dynamics of 
a Rigid Body. — Hydrostatics. — Geometrical Optics. — Spherical Trigono- 
metry and Plane Astronomy. 



EDUCATIONAL BOOKS ON SCIENCE. 

C^^/A'/ff.— ELEMENTARY LESSONS in PHYSICAL GEO- 
LOGY. By Archibald Geikie, F.R.S., Director of the Geo- 
logical Survey of Scotland* [Preparing, 

ffC/XLE v.— UESSOl^S in ELEMENTARY PHYSIOLOGY. 
With numerous Illustrations. By T. H. Huxley, F.R.S., Pro- 
fessor of Natural History in the Royal School of Mines. Fourth 
Thousand. i8mo. cloth, 4r. 6rf. 

" It is a very small book, but pure gold throughout There is not a waste 
sentence, or a superfluous word, and yet it is all dear as daylight. It 
exacts close attention from the reader, but the attention will be repaid by 
a real acquisition of knowledge. And though the book is so small, it 

manages to touch on some of the very highest problems The whole 

book shows how true it is that the most elementary instruction is best 
given by the highest masters in any science." — Guardian, 

" The very best descriptions and explanations of the principles of human 

Shysiology which have yet been written by an lEaxg)^Auaaxi,**'Saturday 
leview. 
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ZOC^y^^.— ELEMENTARY LESSONS in ASTRONOMY, 
with numerous Illustrations. By J. Norman Lockyer. 

[Preparing^ 

C?Z/F^i?.— LESSONS IN ELEMENTARY BOTANY. With 
nearly Two Hundred Illustrations. By Daniel Oliver, F.R.S., 
F.L.S. Third Thousand. i8mo. cloth, 4r. 6^. 

" The manner is most fasdnatmg, and if it does not succeed in making this 
division of science interesting to every one^ we do not think anything can. 
.... Nearly 200 well executed woodcuts are scattered through the text, 
and a valuable and copious index completes a volume which we cannot 
praise too highly, and which we trust all our botanical readers, young and 
old, will possess themselves of." — Popular Science Review. 

" To this system we now wish to direct the attention of teachers, feeling 
satisfied that by some such course alone can any substantial knowledge of 
plants be conveyed with certainty to young men educated as the mass of 
oiur medical students have been. We know of no work so well suited to 
direct the botanical pupil's efforts as that of Professor Oliver's, who, with 
views so practical and with great knowledge too, can write so accurately 
and clearly." — Natural History Review. 

It is very siinple, but truly scientific, and written with such a clearness 

which shows Professor Oliver to be a master of exposition No one 

could have thought that so much thoroughly correct botany could have 
been so simply and happily taught in one volimie." — Atnerican Journal 
0/ Science ana A rts. 



u 



I^OSCOE.— LESSONS in ELEMENTARY CHEMISTRY, In- 
organic and Organic By Henry Roscoe, F.R.S., Professor pf 
Chemistry in Owen's College, Manchester. With numerous Il- 
lustrations and Chromo-Litho. of the Solar Spectra. Fifth 
Thousand. i8mo. cloth, 41. 6d. 

It has been the endeavoiu: of the author to arrange the most important facts 
and principles of Modem Chemistry in a plain but concise and scientific 
form, suited to the present requirements of elementary instruction. For 
the purpose of facilitating the attainment of exactitude m the knowledge of 
the subject, a series of exercises and questions upon the lessons have oeen 
added. The metric system of weights and measures, and the centigrade 
thermometric scale, are used throughout the work. 

"A small, compact, carefully elaborated and well arranged manual." — 
spectator. 

** It has no rival in its field, and it can scarcely fail to take its place as the 
text-book at all schools where chemistry is now studied." — Chemical News, 

"We regard Dr. Roscoe's as being by far the best book from which a 
student can obtain a sound and accurate knowledge of the facts and prin- 
ciples of rudimentary chemistry."— 7!^ Veterinarian. 
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MISCELLANEOUS EDUCATIONAL BOOKS. 



ATLAS of EUROPE. Globe Edition. Uniform in size with 
Macmillan's Globe Series, containing 48 Coloured Maps, on the 
same scale Plans of London and Paris, and a copious Index, 
strongly bound in half-morocco, with flexible back. gj. 

Notice. — ^This Atlas includes all the Countries of Europe in a Series of 
Forty-eight Maps, drawn on the same scale, with an w^phabetical Index to 
the situation of more than 10,000 Places ; and the relation of the various 
Maps and Countries to each other is defined in a general Key-Mapi 

The identity of scale in all the Maps facilitates the comparison of extent and 
distance, and conveys a just impression of the magnitude of different 
Countries. The size suffices to snow the Provincial Divisions, the Rail- 
ways and Main Roads, the Principal Rivers and Mountaia Ranges. ' As 
a book it can be opened without the inconvenience which attends the use 
of a folding map. 

" In the series of works which Messrs. Macmillan and Co. are publishing 
under this general title (Globe Series) they have combined portableness 
with scholarly accuracy and typographical beauty, to a degree that is 
almost unprecedented. Hapj^ily they are * not alone in emplojring the 
highest available scholarship m the preparation of the most elementary 
educational works ; but their exquisite taste and large resources secure an 
artistic result which puts them almost beyond competition. This little 
atlas will be an invaluable boon for the school, the desk, or die traveller's 
portmanteau.** — British Quarterly Review. 

EARLY EGYPTIAN HISTORY for the Young. With Descriptions 
of the Tombs and Monuments. New Edition, with Frontispiece. 
Fcap. 8vo. 5j. 

" Written with liveliness and perspicuity. "—CrMsn/um. 

'* Artistic appreciation of the picturesque, lively humour, unusual aptitude for 
handling the childish inteUect, a pleasant style, and sufficient leamine, 
altogether free from pedantic parade, are among the good qualities of this 
volume, which we cordiallv recommend to the parents of inquiring and 
book-loving boys and ^xl&."—Athenaum. 

** This is one of the most perfect books for die young that we have ever seen. 
We know something of Herodotus and Rawlinson, and the subject is cer- 
tainly not new to us ; yet we^ read on, not because it is our duty, but for very 
pleasure. The author has hit the best possible way of interesting any one^ 
young or old." — Literary Churchman. 



HOLE,—K GENEALOGICAL STEMMA of the KINGS of ENG- 
LAND and FRANCE. By the Rev. C. Hole. In One Sheet 
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HOLE.-^k. BRIEF BIOGRAPHICAL DICTIONARY. Com- 
piled and Arranged by Charles Hole, M.A., Trinity Collie, 
Cambridge. Second Edition, in Pott 8vo., neatly and strongly 
bound in cloth, 4r. 6^^. 

The most comprehensive Biographical Dictionary in English,— containing 
more than x8,ooo names of persons of all countries, with dates of birth and 
deadi, and what they were distinguished for. 

" An invaluable addition to our manuals of reference, and from its moderate 
price, it cannot fail to become as popular as it is useful."— T^zVw^f. 

*' Supplies a imiversal want among students of all kinds. It is a neat, com- 
pact, well printed little volimie, which may go into the pocket, and should 
be on every student's table, at hand, for reference." — Globe, 



y.E'P^^'OAr.— SHAKESPEARE'S TEMPEST. With Glossary and 
Explanatory Notes. By the Rev. J. M. Jephson. i8mo. \s. 6ci. 

" His notes display a thorough familiarity with otu: older English literature, 
and his preface is so full of intelligent critical remark, that many readers 
will wish that it were longer." — duirdian. 

OPPEN.—FKENCK READER. For the use of Colleges and 
Schools. Containing a Graduated Selection from Modem Authors 
in Prose and Verse; and copious Notes, chiefly Et3anological. 
By Edward A. Oppen. Fcap. 8vo. cloth, ^r. 6d, 

" Mr. Oppen has produced a French Reader, which is at once moderate yet 
full, informing vet interesting, which in its selections balances the modems 
fairly against the ancients. .... The examples are chosen with taste and 
skill, and are so arranged as to form a most agreeable course of French 
readine. An etymological and biographical appendix constitutes a very 
valuable feature of the work." — Birmingham Daily Post, 

/V^ra/.— PICTURES of OLD ENGLAND. By Dr. Reinhold 
Pauli. Translated by E. C. Otte. Crown 8vo. 8f. 6^. * 

" A sketch at once so faithful and so picturesque of our medixval life and 

manners For a general view of the literature and state system of our 

country, of the rise and history of parliaments, together with a sufficiently 
minute description of our old socisd life, we hardly know any manual that 
excels the present. It seems to be well suited not as a class-book, but as a 
preparation for the competitive examinations."— CAm/MM Remembrancer. 

A SHILLING BOOK of GOLDEN DEEDS. A Reading-Book for 
Schools and General Readers. By the Author of **The Heir of 
Redclyffe." i8mo. cloth. 

" To collect in a small handjr volume some of the most conspicuous of these 
(examples} told in a graphic and spirited style, was a happy idea, and the 
result IS a little book that we are sure will be in almost constant demand in 
the parochial libraries and schools for which it is avowedly intended." — 
Educational Times. 
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A SHILLING BOOK of WORDS from the POETS. By C. M. 
Vaughan. iSmo. cloth. 

TffRING,—Vf or\:s by Edward Tkring, M.A.. Head Master of 
Uppingham :— 

— THE ELEMENTS of GRAMMAR taught in ENGLISH. 
With Questions. Fourth Edition. i8mo. 2s. 

— THE CHILD'S GRAMMAR. Being the substance of "The 
Elements of Grammar taught in English," adapted for the use of 
Junior Classes. A New f^tion. i8mo. is. 

The author's effort in these two books has been to^ point out the broad, 
beaten, ever^-day path, carefully avoiding digressions into the bye-ways 
and eccentricities of language. This work took its rise from questionings 
in National Schools, and the whole of the first part is merely the writing 
out in order the answers to questions which have been used already with 
success. Its success, not only in National Schools, from practical work 
in which it took its rise, but also in classical schoolsi is full of encoiurage- 
ment. 

— SCHOOL SONGS. A collection of Songs for Schools. With 
the Music arranged for Four Voices. Edited by the Rev. E. 
Thring and H. Riccius. Music Size, ^s, 6d, 



EDUCATIONAL BOOKS ON THEOLOGY. 

EASTWOOD,— TYIE BIBLE WORD BOOK. A Glossary of Old 
English Bible Words. By J. Eastwood, M.A., of St John's 
College, and W. Aldis Wright, M.A., Trinity Collie, Cam- 
bridge. i8ma 5^". 6d, 

(Uniform with Macmillan's School Class Books.) 

HARDWICK.-^K HISTORY of the CHRISTIAN CHURCH. 
Middle Age. From Gregory the Great to the Excommunication 
of Luther. By Archdeacon Hardwick. Edited by Francis 
Procter, M.A. With Four Maps constructed for this work by 
A. Keith Johnston. Second Edition. Crown 8vo. ioj. 6d, 

The History commences with the time of Gregory the Great, and is carried 
down to ue year 1520, — ^the year when Luther, having been expelled from 
those Churches that adhered to the Communion of the Pope, established a 
provisional form of government and opened a fresh era m the history of 
Europe. 
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HARDWICK.—K HISTORY of the CHRISTIAN CHURCH 
during the REFORMATION. By Archdeacon Hardwick. 
Revi^ by Francis Procter, M.A. Second Edition. Crown 
8vo. lOf. 6^. 

This work forms a Sequel to the author's book on The Middle Ages. The 
author's wish has been to give the reader a trustworthy version of those 
stirring incidents which mark the Reformation period. 

MACLEAR,—'S^ox\i& by the Bev. G. P. Maclear, B.D., Head 
Master of Kling's College School, and Preacher at the Temple 
Church : — 

— A CLASS-BOOK of OLD TESTAMENT HISTORY. Third 
Edition, with Four Maps. i8mo. cloth, 41. 6d, 

" A work which for fuhiess and accuracy of information may be confidently 
recommended to teachers as one of the best text-books of Scripture History 
which can be put into a pupil's hands." — Educational Times. 

" A careful and elaborate though brief compenditun of sill that modem re- 
search has done for the illustration of the Old Testament. We know of no 
work which contains so much important information in so small a compass." 
— British Quarterly Review, 

*' A well-arranged stunmary of the scriptural story.^^'-Guardian, 

— A CLASS-BOOK of NEW TESTAMENT HISTORY : in- 
eluding the Connection of the Old and New Testament With 
Four Maps. Second Edition. i8mo. cloth. 5^. 6d, 

** Mr. Maclear has prod\iced in this handy little volume a singularly clear 
and orderly arrangement of the Sacred Story. . . . His work is solidly and 
completely done." — Athenceum. 

— A SHILLING BOOK of OLD TESTAMENT HISTORY, 
for National and Elementary Schools. With Map. i8mo. cloth. 

— A SHILLING BOOK of NEW TESTAMENT HISTORY, 
for National and Elementary Schools. With Map. i8mo. cloth. 

— CLASS BOOK of the CATECHISM. [In the Preis, 

PROCTER,— K HISTORY of the BOOK of COMMON PRAYER : 
with a Rationale of its Offices. By Francis Procter, M.A. 
Sixth Edition, revised and enlarged. Crown 8vo. lor. dd. 

In the coiu-se of the last twenty years the whole question of Liturgical know- 
ledge has been reopened with great learning and accurate research, and it 
is mainly with the view of epitomizing their extensive publications, and 
correcting by their help the errors and misconceptions which had obtained 
currency, that the present volume has been put together. 
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PROCTER.—K^ ELEMENTARY HISTORY of the BOOK of 
COMMON PRAYER. By Francis Procter, M.A. i8mo. 
2J. 6^. 

The author having been frequently urged to give a popular abridgment of 
his larger work m a form which should be smted for use in schools and for 
genenu readers, has attempted in this book to trace the Histoiy of the 
Praver-Book, and to supply to the English reader the general results which 
in the larger work are accompanied by elaborate discussions and references 
to authorities indispensable to the student. It is hoped that this book may 
form a useful manual to assist people generally to a more intelligent use of 
the Forms of our Common Prayer. 

^^^^-^K— THE CATECHISER'S MANUAL; or, the Church 
Catechism illustrated and explained, for the use of. Clergymen, 
Schoolmasters, and Teachers. By Arthur Ramsay, M.A, 
Second Edition. i8mo. \s, dd. 



SIMPSOM—AN EPITOME of the HISTORY of the CHRIST- 
IAN CHURCH. By William Simpson, M.A. Fourth 
Edition. Fcap. 8vo. y, 6d, 

SWAINSON.—K HAND-BOOK to BUTLER'S ANALOGY. 
By C. A. SWAINSON, D.D., Norrisian Professor of Divinity at 
Cambridge. Crown 8vo. is, 6d, 

WESTCOTT.^K GENERAL SURVEY of the HISTORY of the 
CANON of the NEW TESTAMENT during the First Four 
Centuries. By Brooke Fobs Westcott, B.D., Assistant Master 
at Harrow. Second Edition, revised. Crown 8vo. lor. dd. 

The Author has endeavoured to connect the history of the New Testament 
Canon with the growth and consolidation of the Church, and to point out 
the relation existmg between the amoimt of evidence for the aumenticity 
of its component parts and the whole mass of Christian literature. Such a 
method of inquiry will convey both the truest notion of the connexion of 
the written Word with die livmg Body of Christ, and the surest conviction 
of its divine authority. 

— INTRODUCTION to the STUDY of the FOUR GOSPELS. 
By Brooke Foss Westcott, B.D. Third Edition. Crown 
8vo. lOf. dd. 

This book is intended to be an Introduction to the Study of the Gospels. In 
a subject which involves so vast a literatiu-e much must have been over- 
looked ; but the author has made it a point at least to study the researches 
of the great writers, and consciously to neglect none. 
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WESTCOTT.—THE BIBLE in the CHURCH. A Popular Ac- 
count of the Collection and Reception of the Holy Scriptures in 
the Christian Churches. Second Edition. By Brooke Foss 
Westcott, B.D. i8mo. cloth, ^r. 6d, 

Mr. Westcott has collected and set out in a popular form the principal facts 
concerning the history of the Canon of Scripture. The wonc is executed 
with Mr. Westcott's characteristic ability." — Journal of Sacred Literature, 
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WILSON.— AN ENGLISH HEBREW and CHALDEE LEXIt 
CON and CONCORDANCE to the more Correct Understanding 
of the English translation of the Old Testament, by reference to 
the Original Hebrew. By William Wilson, D.D., Canon of 
Winchester, late Fellow of Queen's College, Oxford, Second 
Edition, carefully Revised. 4to. cloth, 25J. 

The aim of this work is, that it should be useful to Clei:gymen and all per- 
sons engaged in the study of the Bible, even when they do not possess a 
knowledge of Hebrew ; while able Hebrew scholars have borne testimony 
to the help that they themselves have found in it. 

" On the whole, we cordially recommend the work, on the ground of its 
correctness, size, price, and practicalness." — British Quartei^y Review. 
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ARNOLD.'—K FRENCH ETON ; or, Middle-Class Education and 
the State. By Matthew Arnold. Fcap. 8vo. cloth, 2j. 6^. 

" A very interesting dissertation on the system of secondary instruction in 
France, and on tiie advisability of copying the system m England." — 
Saturday Review. 

• 

BLAKE.— K VISIT to some AMERICAN SCHOOLS and COL- 
LEGES. By Sophia Jex Blake. Crown 8vo. doth. dr. 

" Miss Blake gives a living picture of the schools and colleges themselves, in 
which that education is carried on." — Pail-Mall Gazette. 

*'Miss Blake has written an entertaining book upon an important subject; 
and while we thank her for some valuable information, we venture to 
thank her also for the very agreeable manner in which she imparts it." — 
Athenceum. 

"We have not often met with a more interesting work on education than 
that before us." — Educational Times. 
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ESSAYS ON A LIBERAL EDUCATION. By Charles Stuart 
Parker, MA., Henry Sidgwick, M.A., Lord Houghton, 
John Seeley, M.A., Rev. F. W. Farrar, M.A., F.R.S., &c., 
E. E. BowEN, M.A., F.R.A.S., J. W. Hales, M.A., J. M. 
Wilson, M.A., F.G.S., F.R.A.S., W.Johnson, M.A. Edited 
by the Rev. F. W. Farrar, M.A. , F.R.S., late Fellow of Trinity 
Collie, Cambridge ; Fellow of King's College, London ; Assist- 
ant-Master at Harrow; Author of "Chapters on Language," &c., 
&C. In One Volume, 8vo. cloth, lor. 6d, 

TURING.— 'EDVCA.TIOHI AND SCHOOL. By the Rev. Edward 
Thring, M.A., Head Master of Uppingham. Second Edition. 
Crown 8vo. cloth, dr. 

YOUMANS.-MOJyEKN CULTURE : its True Aims and Require- 
ments. A Series of Addresses and Arguments on the Claims of 
Scientific Education. Edited by Edward L. Youmans, M.D. 
Crown 8vo. %s, (yd. 



MEDICAL BOOKS. 

^Wi'TTE.^STIMULANTS and NARCOTICS, their Mutual Re- 
lations, with Special Researches on the Action of Alcohol, 
iEther, and Chloroform on the Vital Organism. By Francis E, 
Anstie, M.D., M.R.C.P. 8vo. 141. 

BARW£LL,--^VIDE IN THE SICK ROOM. By Richard 
Barwell, F.R.C.S. Extra fcap. 8vo. y. 6d. 

FOX.— On the DIAGNOSIS and TREATMENT of the VARIETIES 
of DYSPEPSIA, considered in Relation to the Pathological 
Origin of the Different Forms of Indigestion. By Wilson Fox, 
M.D. Lond., F.R.C.P., Professor of Pathological Anatomy at^ 
University College, London, and Physi9ian to University College 
Hospital. Demy 8vo. cloth. 7j. 6d. 



HUMPHRY.— THE HUMAN SKELETON (including the Joints). 
With Two Hundred and Sixty Illustrations drawn from Nature. 
By George Murray Humphry, M.D., F.R.S. Medium 8vo. 
i8j. 
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